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Résumé

Cette thése est consacrée & I’étude du transport électronique dans des modéles désordonnés
non ergodiques, dans le cadre de la théorie des opérateurs de Schrédinger aléatoires.

Pour commencer, nous reformulons I’outil principal pour notre étude, ’analyse multi-échelles,
dans le cadre non ergodique. Nous établissons les conditions d’homogénéité que 1’opérateur doit
vérifier pour appliquer cette méthode.

Ensuite, nous étudions les propriétés spectrales des opérateurs de Delone-Anderson non er-
godiques. Ces systémes modélisent 1’énergie d’une particule en interaction avec un milieu dont la
structure atomique est quasi-cristalline et la nature des impuretés est désordonnée. Dans le cas
ot les mesures de probabilité associées au potentiel de simple site sont réguliéres, en dimension 2
et sous 'effet d’'un champ magnétique, nous établissons une transition métal-isolant et ’existence
d’une énergie de mobilité qui sépare les régions de localisation et de délocalisation dynamiques.
Pour des mesures de simple site réguliéres et celle de Bernoulli, nous démontrons la localisa-
tion dynamique en bas du spectre. De plus, nous obtenons une borne inférieure quantitative sur
la taille de la région de localisation dynamique en termes des parameétres géométriques de la
structure de Delone de base.

Nous concluons ce travail avec 1’étude de la densité d’états intégrée pour des modéles de
Delone-Anderson, en combinaison avec des outils de la théorie des systémes dynamiques associés
aux quasi-cristaux. Sous certaines conditions sur la géométrie de I’ensemble de Delone sous-jacent,
nous montrons ’existence de la densité d’états intégrée. De plus, dans le cas d’une perturbation de
Delone-Anderson du Laplacien libre, nous démontrons qu’elle a un comportement asymptotique
de Lifshitz en bas du spectre.

Mots-clés : Opérateurs de Schrodinger aléatoires, localisation d’Anderson, transition métal-
isolant, localisation dynamique, hamiltonian de Landau, ensembles de Delone, opérateurs de
Delone, systémes dynamiques de Delone, densité d’états intégrée.

Abstract

This thesis is devoted to the study of electronic transport in non ergodic disordered
models, in the framework of random Schrédinger operators.

We start by reformulating the main tool in our study, the multiscale analysis, in the non
ergodic setting. We establish suitable homogeneity conditions on the operator, in order to apply
this method.

Next, we study the spectral properties of non ergodic Delone-Anderson operators. These mod-
els represent a particle interacting with a medium whose atomic structure is quasi-crystalline and
the nature of its impurities is disordered. In the case where the probability measures associated
to the single-site potential are regular, in dimension 2 and under the effect of a magnetic field,



we establish a metal-insulator transition and the existence of a mobility edge that separates
the localization and delocalization regions. In arbitrary dimension, for regular and for Bernoulli
single-site measures, we show dynamical localization at the bottom of the spectrum. Moreover, we
obtain a quantitative description of the localization region in terms of the geometric parameters
of the underlying Delone set.

We conclude this essay by studying the integrated density of states for Delone-Anderson
models, using tools from the theory of dynamical systems associated to quasicrystals. Under
certain conditions on the geometry of the underlying Delone set, we show the existence of the
integrated density of states. Furthermore, in the case of a Delone-Anderson perturbation of the
free Laplacian, we show it exhibits Lifshitz tails at the bottom of the spectrum.

Keywords: Random Schrédinger operators, Anderson localization, metal-insulator transition,
dynamical localization, Landau Hamiltonians, Delone sets, Delone operators, Delone dynamical
systems, integrated density of states.



Chapitre 1

Introduction et présentation des
résultats

1.1 Introduction générale

Ce travail est consacré & I’étude du transport électronique dans des modéles désordonnés non
ergodiques issus de la théorie des opérateurs de Schrodinger aléatoires (OSA). On s’intéresse a
la dynamique d’une particule dans un espace euclidien de dimension d en regardant 1’évolution
temporelle de sa fonction d’onde associée v appartenant a L%(R%), avec ¥l 2ey = 1. La
dynamique est gouvernée par I’équation de Schrédinger

iOph(t,x) = Hyb(t,x), (t,z) e RxRL,weQ (1.1.1)
p(t, ) = e Mey(0,2), (1.1.2)

ou 9(0,z) est une condition initiale et l'opérateur H,, = Hy + V,,, représentant 1’énergie de la
particule, est associé & un espace de probabilité 2. Un élément w € {2 désigne une réalisation
possible. La famille {H, : w € Q} regroupe tous les opérateurs H,, possibles associés aux réa-
lisations du potentiel V,, qui représente le milieu désordonné. Ce type d’opérateur fut introduit
par P.W. Anderson [And58| qui considéra un modéle dit de liaisons fortes, portant son nom, o
les électrons sautent d’un ion a un autre, et interagissent avec un potentiel aléatoire externe qui
représente la nature désordonnée du milieu. Anderson soutint 1’'idée qu’au dessus d’un seuil du
nombre d’impuretés présentes dans le cristal, les électrons sont piégés dans des régions bornées,
avec pour conséquence la suppression totale du transport électronique. Dans ce cas on parle des
états localisés, par opposition aux états dits étendus, propres aux milieux parfaitement pério-
diques [B28, AK98, RSIV]. La découverte de la localisation d’Anderson a ouvert la voie a I’étude
des opérateurs de Schréodinger aléatoires. Elle a valu & P.W. Anderson le Prix Nobel de physique
en 1977.

Dés ses débuts, ’ergodicité joua un role fondamental dans la théorie des OSA, permettant
de lier les propriétés de réalisations particuliéres de H,, avec des propriétés globales, partagés
par (presque) tout élément de la famille {H,},cq. Soit T un sous-ensemble additif de R? (par
exemple, Z¢ ou bien RY). On dit qu’une famille (muni d’une structure de groupe) {7 }zer

3



Chapitre 1. Introduction et présentation des résultats

de transformations sur 2 qui préservent la mesure (de probabilité) est ergodigque si tout sous-
ensemble de €2 invariant sous ces transformations a ou bien probabilité 1 ou bien 0. Par ailleurs,
on dit que la famille d’opérateurs H, est ergodique si elle vérifie une condition de covariance
par rapport a I’action d’une famille d’opérateurs unitaires (translations) U, associée a un groupe
ergodique de translations 7, agissant sur I’espace de probabilité €2, & savoir, pour tout w € 2

HTz(w) = UaCHwU;, Ve eT. (113)

Ceci a des conséquences trés importantes sur le spectre o(H,) de H,. Cela assure 'existence
d’un ensemble ¥ C R tel que [P80]

o(H,) =3, pour presque tout w € Q. (1.1.4)

De plus, il existe des ensembles ¥,,,, ¥, Xsc C R qui correspondent, respectivement, aux parties
purement ponctuelle, singuliére continue et absolument continue du spectre de H,, [KM82a], i.e.

0e(H,) =Y., oUe®=pp,ac,sc pour presque tout w € . (1.1.5)

En particulier, pour le modéle d’Anderson H, = A + V,,, le potentiel aléatoire est donné par

Vo= wjulx—j), wje€lab], (1.1.6)
jer

ot u est une fonction & support compact dans R? ou Z¢ et T' C R? est un réseau, P’ergodicité est
une conséquence directe du fait que les variables aléatoires w; sont indépendantes, identiquement
distribuées et du fait que I' est invariant par translation. Pour le modéle d’Anderson, la famille
ergodique {7, } correspond aux translations 7,(w) = (wj_z)jer pour w = (wj);cr et T =T". Dans
ce cas, le spectre o(H,) peut étre caractérisé par le spectre d'une sous-famille de {H, },ecq, a
savoir, les réalisations périodiques de V,, [KM82b, S|,

o(Hy) = |J o(Ho+ W), (1.1.7)
A€E[a,b]

ot W =73 ;ru(z — j) est un potentiel périodique.
Etant donnée la famille ergodique de translations {7, }.er agissant sur €2, prenons un pro-

cessus stochastique ergodique {Z;}zer sur Q, i.e., Zy(7,(w)) = Zy—(w), pour tout y,z € T'. Le
théoreme ergodique de Birkhoff assure que si E(Zp) < oo, alors

1
lim > Z, =E(Z), (1.1.8)
|Af=o0 | | z€EACT

ou |A| désigne le volume d’un domaine A C T borné. Ce théoréme ergodique est utile pour mon-
trer I’existence de la limite de la fonction normalisée de comptage de valeurs propres, inférieures
a une certaine énergie F € R,

#{valeurs propres de H,|p < E}

1
= lim —Nj(F):= lim
|Aj—oo |A] &) |A]—00 |Al

N(E) :

, (1.1.9)

ou H,|a désigne la restriction H, au domaine A avec des conditions aux bords autoadjointes.
Dans le modeéle d’Anderson, le terme & volume fini Ny dans (1.1.9) est un processus stochastique
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1.1. Introduction générale

ergodique. Dans ce cadre, l'existence de la limite dans (1.1.9) peut se voir comme une conséquence
du théoréme ergodique et de I’encadrement de Dirichlet—Neumann,

NP(B) < N(B) < NN (B), (1.1.10)

oit NP(E) et NY(E) désignent le terme N, avec des conditions aux bords de Dirichlet et de
Neumann, respectivement. On appelle N(E) la densité d’états intégrée et bien que le terme
a droite dans (1.1.9) est une quantité aléatoire, la limite N est déterministe (1.1.8). De plus,
N(E) est la fonction distribution d’une mesure v, c’est-a-dire N(F) = v((—oo, E]), et le support
topologique de la mesure v est lié au spectre de H,, par la relation o(H,,) = supp v pour presque
tout w € Q.

L’ergodicité, liée elle méme a la structure géométrique du milieu considéré, a donc des consé-
quences importantes pour 1’étude spectrale des milieux désordonnés. Cependant, on trouve dans
la nature des matériaux ayant des structures géométriques plus exotiques qui ne gardent pas ce
trait lorsque 1’on les modélise par des OSA.

C’est le cas des quasi-cristaur, découverts par Schechtman et al. [Sch84| en 1982 et qui
valut & Schechtman le Prix Nobel de chimie en 2011. Ce sont des matériaux qui n’offrent au-
cune invariance par translations, mais présentent des symétries rotationnelles. Dans ce sens, les
quasi-cristaux sont des structures intermédiaires entre des structures cristallines, parfaitement
périodiques qui ont du spectre absolument continu, et des structures complétement désordon-
nées. Un exemple de cette derniére est un ensemble discret de points suivant une distribution de
Poisson, qui rentre dans le cadre des OSA et auquel est associé du spectre purement ponctuel.

Une maniére mathématique de représenter les quasi-cristaux est d’utiliser des ensembles de
Delone (Delaunay). Ce sont des sous-ensembles de I’espace euclidien qui sont relativement discrets
(il existe une distance minimale r entre les points voisins) et uniformément denses (il existe une
distance maximale R entre les points voisins). Les ensembles de Delone sont une notion plus
générale que les quasi-cristaux, qui exhibent un certain degré d’ordre dans sa structure atomique.
Pour mieux modéliser les symétries rotationnelles des quasi-cristaux on attribue aux ensembles
de Delone des propriétés géométriques qui décrivent leur degré d’ordre a longue portée. Ces
propriétés sont construites autour de la notion de motif : un sous-ensemble d’un ensemble de
Delone D qui est de la forme DN K, oi K C R? est compact. On dit que ’ensemble de Delone
D posséde une complezité locale finie si pour tout sous-ensemble compact A C RY, il existe une
collection finie F 4 de motifs dans D, telle que tout motif qui est équivalent & DNA par translation,
i.e., qui est de la forme D N A’, ou A’ est un translaté de A, est équivalent par translation a un
membre de F 4. En outre, ’ensemble D est linéairement répétitif si tout motif dans D est répété
dans toute région de taille linéairement proportionnelle & la taille du motif. Un exemple de ce
dernier cas sont les sommets d’un pavage de Penrose [Sen| (Fig. 1.1). Plus quantitativement, on
peut étudier le taux de répétition des motifs ou méme la "fréquence d’apparition des motifs”,
entre autres. Cependant, ces concepts ne donnent pas une description exhaustive de la nature
méme de 'ordre apériodique, comme le remarquent Baake, Grimm et Moody dans leur article
intitulé "What is aperiodic order ?” [BaGMO02|. Cette nature si générale place l'étude de ces
ensembles dans un croisement de sujets comme les systémes dynamiques, la géométrie, la théorie
de pavages, la théorie de la diffraction, parmi d’autres (voir [Sen, BaMO00]| et leurs références).
Pour une présentation sur les aspects physiques des quasi-cristaux, en particulier, sur le transport
dans des milieux apériodiques, voir la monographie de Bellissard [Bel03].

Nous nous intéressons aux opérateurs définis a partir de telles structures apériodiques et a ses
propriétés spectrales. Dans les cas unidimensionnels, notamment dans les travaux de Siito [Su89]
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. . . AT:‘ ...... . i (b)
N i C e e
(a) ° ° ° ° L] L] ° ° ]

Fig. 1.1 — a) Un ensemble de Delone D est caractérisé par deux paramétres r et R, tels que
tout cube de coté r contient au plus un élément de D, et tout cube de cé6té R contient au
moins un élément de D. (b) Les lignes grises représentent un pavage de Penrose (construit avec
des losanges), et ’ensemble de sommets est un exemple d’un ensemble de Delone linéairement
répétitif. (¢) Un réseau est un exemple d’un ensemble de Delone périodique.

sur le hamiltonien de Fibonacci et ceux de Bellissard et al. [BIST89| sur des quasi-cristaux en
général, on trouve un spectre de Cantor purement singulier continu, avec des fonctions propres
qui ne sont ni étalées ni localisées. Pour plus de détails, nous conseillons de consulter [D00].
Dans le cas continu en dimension arbitraire, Lenz et Stollmann [LS06] prouvérent, en utilisant
le théoréme de "Wonderland” de B. Simon, que, génériquement, les opérateurs de Delone,

Hp=-A+Y ulw—j), ueC(RY, (1.1.11)
Jj€D

ont du spectre purement singulier continu (voir aussi [KLS11]). Pour le Laplacien discret sur
un pavage de Penrose la densité d’états intégrée est discontinue [KoSu86, FuKr88] puisqu’il est
possible d’avoir des fonctions propres du Laplacien qui sont & support compact. Ensuite Lenz,
Stollmann et Klassert [KLS03b| (voir aussi [LV09]) montrérent que ce comportement, qui peut
paraitre anormal, est en fait naturel, puisqu’a partir d’un ensemble de Delone quelconque on peut
toujours, par une modification locale et sous certaines conditions sur la complexité de I’ensemble,
obtenir un ensemble qui permet des fonctions propres a support compact. De plus, celle-ci s’avére
étre la seule maniére de produire une discontinuité dans la densité d’états intégrée.

On peut retrouver 'ergodicité dans ces systémes apériodiques en considérant la fermeture de
I’ensemble de translatés d’un ensemble de Delone D dans R¢,

Xp={D+x :xeRd}, (1.1.12)

par rapport & une topologie convenable dans ’espace de tous les ensembles de Delone, qui le
rend compact. On désigne par « la translation par des éléments de R? et on appelle le triplet



1.1. Introduction générale

(Xp,R% a) un systéme dynamique de Delone. Ces notions peuvent étre formulées dans un cadre
plus abstrait mais nous nous restreignons au cas qui nous intéresse. Ces systémes dynamiques sont
étroitement liés aux systémes dynamiques de pavages. De plus, on peut identifier un ensemble
de Delone avec des mesures ponctuelles bornées, qui possédent un atome sur chaque point de
I’ensemble, et étudier de ce point de vue la convergence uniforme des fréquences d’apparition des
motifs.

De plus, on peut considérer des systémes dynamiques de Delone & couleurs aléatoires, ce
qui plus tard fera le lien entre les opérateurs de Delone et les OSA. On considére un sous-
ensemble borélien A C R, que ’on appelle I'espace de couleurs. On associe & chaque point p d’un
ensemble P € Xp une couleur w, € A. L’espace (produit) des réalisations possibles de la couleur
w = (wp)pep de 'ensemble P est

Qp =X A. (1.1.13)

peP

L’ensemble de Delone coloré P“ est donné par
PY :={(p,wp): p€ P,w € Qp}, (1.1.14)

et il appartient & la fermeture de ’ensemble de translatés de D [MR12], i.e.,

Xp:={P*:PeXpweQp}={z+D: zecRi}. (1.1.15)
Ainsi, on peut considérer 'opérateur H,, comme ’application

Xp>PY— H, = HO—}—pru(a:—p). (1.1.16)
peP

Dans ce contexte, le fait d’avoir un théoréme ergodique pour des systémes dynamiques de De-
lone joue un role fondamental dans la définition des quantités comme la densité d’états intégrée
pour un opérateur de Delone, lié & la fréquence d’apparition des motifs qui composent un en-
semble. Hof [Hof98] étudia la percolation sur un pavage de Penrose, en prenant des ensembles de
Delone colorés avec la propriété de complexité locale finie, et dans ce cadre il construisit des me-
sures ergodiques pour le systéme dynamique associé. La condition sur la complexité de I’ensemble
de Delone permet de traiter seulement un nombre fini de couleurs. Par ailleurs, [L09] obtint un
théoréme ergodique pour des translations de mesures bornées sans supposer que ’ensemble de
Delone ou elles ont du support ait la propriété de complexité locale finie. Miiller et Richard
[MR12| s’appuyérent sur les résultats de Hof et Lenz et obtinrent un théoréme ergodique pour
des ensembles de Delone colorés permettant un ensemble de couleurs continu. Gréce a cette der-
niére amélioration, ceci devient ’outil le plus approprié pour notre travail lorsque ’on considérera
des variables aléatoires réguliéres. Le rapport entre les propriétés géométriques d’un ensemble de
Delone et les propriétés ergodiques des systémes dynamiques associés, théorémes ergodiques pour
ce cadre y compris, furent largement analysées dans la littérature, [MR12, LP03, KL.S03a, LS03|.

Les quasi-cristaux sont & l'origine de notre motivation pour ’étude des systémes non er-
godiques. Lorsque 1’on considére un modéle d’Anderson ou le milieu est un quasi-cristal, il est
représenté par un potentiel externe de la forme

Vo= wiulz—j), ueC(RY, (1.1.17)
jeD
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ot D est un ensemble de Delone représentant la structure géométrique des atomes dans le quasi-
cristal. Dés que D est apériodique, c’est a dire, qu’il n’est pas invariant par translation, I’opérateur
H, = —A+V,, dit de Delone-Anderson, ne vérifie plus la condition (1.1.3) et donc le modéle
est non ergodique. Ceci dit, au moment de définir la densité d’états intégrée nous utiliserons
la construction (1.1.15) pour retrouver l'ergodicité, sous certaines conditions géométriques de
I’ensemble de Delone D de base.

Du point de vue mathématique, on distingue trois notions de localisation : spectrale, ot le
spectre de H,, est purement ponctuel; celle dit d’Anderson, ot on trouve du spectre purement
ponctuel avec des fonctions propres a décroissance exponentielle; et la localisation dynamique,
ou les moments des paquets d’ondes, initialement localisés en espace et énergie, restent localisés
en temps sous ’action de 'opérateur d’évolution de Schrédinger engendré par H,,. Cette derniére
est la notion la plus forte de localisation électronique.

Les premiers résultats rigoureux furent donnés dans les années 70 par Goldsheid, Molcha-
nov et Pastur [GMP77], sur I’étude de la localisation d’Anderson pour un modéle continu &
unidimensionnel. En dimension 1, on peut montrer que tout le spectre d’'un OSA est localisé.
Pour étudier le probléme en dimension arbitraire, Frohlich et Spencer [FS83] développérent une
analyse multi-échelles (MSA, de ses sigles en anglais) pour montrer ’absence de diffusion dans
le modele d’Anderson (discret), qui est basée sur des estimations de la résolvante d’un opé-
rateur . Cette méthode eut diverses améliorations au cours de ces trente derniéres années :
Martinelli et Scoppola [MS85] montrérent ’absence du spectre absolument continu, plus tard
[DLS85, FMSS85, SW86| montrérent que le spectre est purement ponctuel avec des fonctions
propres exponentiellement décroissantes. Apres, von Dreifus et Klein [vDK89] simplifiérent cette
procédure qui a pour principale conséquence la localisation d’Anderson. Les développements pos-
térieurs de De Biévre-Germinet [GdB98| et Damanik-Stollmann [DS01| montrent que la MSA
implique la localisation dynamique forte. Pour des mesures de probabilité réguliéres, la version
plus raffinée de cette méthode est celle du Bootstrap MSA de Germinet-Klein [GKO01|. Cette
analyse, basée sur quatre autres MSA, permet de montrer en outre la localisation semi-uniforme
des fonctions propres et la décroissance sous-exponentielle du noyau (d’opérateur) de opérateur
dévolution en espérance.

Le cas des mesures singuliéres comme celles du type Bernoulli fut pendant longtemps un
probléme ouvert, et ne fut résolu qu’en 2005 par le travail remarquable de Bourgain et Kenig
[BoKO05| portant sur la localisation d’Anderson pour le modeéle de Bernoulli. Ils reformulérent
la MSA pour utiliser une estimée de Wegner échelle par échelle et non pas a priori vérifiée
pour toutes les échelles comme dans le cas usuel (voir la définition 1.2.2). Germinet et Klein
[GK11] adapterent les idées de Bourgain—Kenig et développérent une MSA qui démontre de la
localisation dynamique pour un grand nombre de modéle, avec des mesures de probabilité non
dégénérées, y compris les mesures de Bernoulli.

Dans ce travail nous nous interrogeons sur le transport des électrons du point de vue dy-
namique. Nous verrons comment ’absence de I'ergodicité peut étre surmontée, et comment les
méthodes d’analyse usuelles dans les OSA (analyse multi-échelles, estimées de Wegner, parmi
d’autres) doivent étre modifiées pour convenir & ce cadre et sous quelles contraintes. Nous déve-
loppons des outils généraux issus de la situation ergodique qui, adaptés & notre cadre, nous
permettent de traiter non seulement les opérateurs dits de Delone-Anderson (1.1.17), mais
encore des modeéles d’Anderson ou les variables aléatoires ne sont pas identiquement distri-
buées. Des exemples de ce dernier cas sont les modéles lacunaires, les modéles avec des va-



1.1. Introduction générale

riables aléatoires a densités décroissantes, ou bien les modeéles aux potentiels surfaciques (voir

[BoeKS05, BAMSS05, BAMS03, KV02b, S, FGKMO07)).

Pour le cas particulier des modeéles de Delone—Anderson, nous obtenons des dépendances
explicites des paramétres de I’ensemble de Delone sous-jacent. Ceci dit, pour les propriétés qui
n’ont pas de rapport avec la densité d’états intégrée nous ne faisons aucune supposition sur la
géométrie de ces ensembles.

Pour décrire la dynamique d’une particule, on considére le moment aléatoire d’ordre p > 0
au temps t de I’évolution temporelle dans la norme de Hilbert—Schmidt, initialement localisé
en espace sur une boite unité centrée au point u € Z% et localisée en énergie par une fonction
X appartenant a Cgfjr(R), I’espace des fonctions non-negatives, a support compact dans R et
infiniment différentiables, i.e.,

Myo(p, X,t) = (X — u)P e X (Hy ) x5, (1.1.18)
dont la moyenne temporelle est donnée par

2 o0
Myo(p, X, T) = T/o e 2T My, o (p, X, t)dt. (1.1.19)

Dans le cas ergodique, il suffit de prendre u = 0, puisque la probabilité de ces événements
est invariante par translation. L’opérateur H,, présente de la localisation dynamique forte dans
la norme Hilbert—Schmidt dans un intervalle ouvert I si pour tout X € C% (I) on a

sup E{sup M, ,(p,X,t)} < oo pour tout p > 0. (1.1.20)
u€Z? teR
On dit que H,, présente de la localisation dynamique forte dans la norme Hilbert—Schmidt dans
une énergie E s'il existe un intervalle ouvert I C R qui contient E, tel que pour tout &' € C2% (1)
I'expression (1.1.20) est vraie. On désigne par X g; I’ensemble

Ysr={E € R: H, présente de la localisation dynamique forte dans E'} (1.1.21)

Dans le cadre ergodique, en absence d’un champ magnétique, en dimension d > 3 on s’attend
a ce que le spectre d’'un opérateur de Schrodinger aléatoire présente une transition telle que 'on
peut identifier deux régimes différents : la région isolante, caractérisée par les états localisés et
la région métallique, caractérisée par les états étalés. On appelle le passage de 'un a l’autre
transition métal-isolant d’Anderson. En termes spectraux, ce phénomeéne se traduit par une
transition du spectre purement ponctuel au spectre absolument continu. Si une telle transition
a pu étre observée sur des arbres [K98, AW11], il en va difféeremment en dimension finie. Sur Z?
ou R?, une telle transition semble toujours hors de portée d’une preuve mathématique.

Cependant, une approche dynamique, plus prés de l'intuition physique, a été introduite par
Germinet et Klein dans [GK04| pour expliquer cette transition. Ils considérent un exposant du
transport local B(E) pour mesurer la propagation temporelle des paquets d’ondes initialement
localisés en espace et en énergie qui évoluent sous ’action d’un opérateur aléatoire. Ils obtinrent
une caractérisation compléte de la transition métal-isolant et de ’énergie de mobilité, ou la
transition a lieu et qui s’avére étre un point de discontinuité de . Dans cette caractérisation de
la transition du transport, l'outil principal est ’analyse multi-échelles Bootstrap [GKO01], ou la

9
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localisation dynamique forte qu’elle entraine est utilisée pour caractériser I’ensemble des énergies
dont I'exposant de transport 3 est nul.

Dans le cas magnétique en dimension 2, le hamiltonien de Landau aléatoire représente une
particule en mouvement dans un milieu désordonné bidimensionnel soumis & l'influence d’un
champ magnétique constant, fort, transversal au plan. Germinet, Klein et Schenker [GKSO07]
donnérent la premiére preuve mathématique rigoureuse de ’existence d’une transition d’Anderson
pour ce modeéle en s’appuyant sur ’analyse multi-échelles pour exploiter des propriétés de l’effet
Hall quantique entier. Pour introduire ce phénoméne, considérons un conducteur bidimensionnel
dans le plan XY ou on applique un champ magnétique transversal d’intensité constante B. En
appliquant un champ électrique dans la direction x on crée un courant J dans la direction x,
tandis que dans la direction y les électrons sont soumis & la force de Lorentz, générant ainsi
un champ électrique E dans cette direction. En équilibre, 1a force totale qui agit sur I’électron
s’annule, donnant la relation entre le courant et le champ électrique J = o E. La matrice 2 x 2,
o, appelée tenseur de conductivité, a des termes diagonaux nuls et en dehors de la diagonale,
des termes +o7, ou

q ph
" =B (1.1.22)
que 'on appelle la conductivité de Hall, ou1 q est la charge de I’électron, p est la densité électronique
du matériel, h la constante de Planck et v est appelé le facteur de remplissage (“filling factor”).
On voit que v est une fonction de la densité p et du champ magnétique B, donc en changeant
I'intensité de B on s’attendrait & ce que oy change aussi continument. En 1980, Klitzing et al.
[K1i80] trouverent que la conductivité de Hall o & température trés basse (et donc ou les effets
dissipatifs son négligeables) comme fonction du champ magnétique B, présente des plateauzr o
ses valeurs peuvent étre calculées avec une excellente précision :

q2
o = 5N, (1.1.23)

On appelle le phénoméne de quantification de la conductance 'effet de Hall quantique entier, et
il valut a Klitzing le Prix Nobel de physique en 1985. Suite au travail de Laughlin [L81], Thouless
[Th81] et Halperin [Hal82| conjecturérent que les plateaux de la conductivité de Hall sont dis &
la localisation, qui est 'effet prépondérant a basse température. Plus tard, Kunz [Ku87] montra
que pour un désordre suffisamment petit pour qu’il y existe des lacunes spectrales entre les
niveaux de Landau, la quantification de oy est invariante par rapport au désordre. En effet, 1a
quantification de la conductivité de Hall n’est pas présente dans le cas d’un électron libre dans
le plan sous l’effet d’'un champ magnétique fort. Dans ce cas la conductivité de Hall suit un
comportement plus prés du cas classique, mais le phénoméne de sa quantification émerge quand
I’électron est dans un milieu avec des impuretés, comme ’expliquérent Bellissard, Schulz-Baldes
et van Elst dans [BSvE94|. Plus précisement, pour avoir l'effet de Hall quantique, il est nécessaire
d’avoir l'existence d’états localisés entre les niveaux de Landau. Ce phénoméne s’avéra universel
dans le sens qu’il est invariant par rapport a la géométrie et la nature du matériel considéré, dés
que l'expérience vérifie les conditions nécessaires (basse température, champ magnétique fort,
et présence d'impuretés dans le matériel), voir [BSvE94, Bel03] et leurs références. De plus, la
précision avec laquelle on peut calculer o expérimentalement ’ont rendu trés utile en métrologie,
en particulier pour définir 'unité de mesure pour la résistance (ohm) [JJ05].
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1.2 Présentation des travaux de thése

1.2.1 L’analyse multi-échelles dans le cadre non ergodique

On considére un opérateur de Schrédinger aléatoire de la forme

H, = Hy+\V, sur L%RY), (1.2.1)

ou Hj est le hamiltonien libre, et A est un parameétre de désordre que I’on considérera dorénavant
étre fixe. Le potentiel aléatoire V,, est I'opérateur de multiplication par la fonction V,, qui est
telle que {V,,(z) : = € R?} est un processus stochastique mesurable a valeurs réelles sur un espace
de probabilité complet (€2, F,P). On suppose, d’une part, que V,, est décomposable en une partie
non négative appartenant a Llloc(Rd) et une partie négative relativement bornée en forme par
rapport & Hy, avec borne relative inférieure & 1. Et d’autre part, on suppose qu’il existe une
constante p > 0 telle que pour toute paire de boréliens By, By C R? avec dist(By, By)> p, les
processus {V,,(z) : x € By} et {V,,(z) : € By} sont indépendants. On a donc un opérateur auto-
adjoint semi-borné inférieurement pour P-p.t. w. De plus, ’application w — H,, est mesurable
presque partout et on désigne le spectre de H,, par o,,.

On considére des versions a volume fini de H,, restreint & un cube Az (x) de centre = et coté L,
avec des conditions au bord autoadjointes, que I'on désigne par H,, , j agissant sur LZ(AL((L')).
On écrit Ry 5 1(2) = (Hyar — 2)~! pour lopérateur résolvante et on définit les projections
spectrales comme P, (J) = xj(H,) et Po 2 1.(J) = xJ(Hy 2,1,) pour un ensemble de Borel J C R.

Definition 1.2.1. On dit que 'opérateur H,, vérifie une estimée de Wegner uniforme avec un
exposant de Holder s dans un intervalle ouvert J si pour chaque E € 7 il existe une constante
Qw, localement bornée, et 0 < s < 1 tels que

sup E{tr(Poop(E — 0, E +1)} < Qui'L?, (1.2.2)
zeR4
pour tout n > 0 et L € 2N. On dit qu’il vérifie une estimée de Wegner uniforme dans une énergie
E ¢'il veérifie (1.2.2) dans un voisinage (ouvert) de E.

La preuve de localisation dans des systémes désordonnés se construit autour de la décroissance
de la fonction de Green, le noyau intégral de I'opérateur résolvante. Pour rendre le probléme plus
maniable, on considére des restrictions d’opérateurs & un volume fini, & savoir un cube Ay, de
taille L?, pour ensuite prendre la limite quand le volume tend ver l'infini. On travaille ainsi avec
un spectre discret qui, dans la limite, approche le spectre de 'opérateur original. A V'intérieur de
ce domaine Ay, et par la nature de 'opérateur aléatoire H,,, les événements correspondant a des
restrictions aux cubes plus petits A;, | << L qui sont disjoints, sont indépendants les uns des
autres. Cependant, il peut arriver que les spectres des opérateurs restreints & ces cubes soient
trés proches du spectre de 'opérateur Hy, |, . Puisque les résolvantes deviennent non bornées, ce
phénomeéne, appelé résonance, est analogue au probléme des petits dénominateurs qui apparait
dans la théorie de perturbation classique des systémes dynamiques, entre autres, et qui fit résolu
par la théorie de Kolmogorov—Arnold—Moser (KAM).

Pour gérer 'apparition des résonances, Frohlich et Spencer [FS83| développérent une analyse
multi-échelles, en prenant des idées de la théorie de KAM, et de la renormalisation de groupe.

11
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D’un co6té, cette méthode a une composante déterministe, qui utilise & la fois des estimées de
Combes—Thomas pour obtenir la décroissance de résolvantes locales, mais aussi 1’identité géo-
métrique de la résolvante, pour lier des estimées locales sur des cubes différents. D’autre part,
la composante probabiliste de cette méthode se sert de I’estimée de Wegner pour controler la
contribution des régions résonantes, en lui attribuant de faibles probabilités qui n’affectent pas le
résultat final. Le but est d’assurer la décroissance des résolvantes locales avec une bonne proba-
bilité. De cette maniére, on peut faire une itération par échelles a partir d’'une estimée d’échelle
initiale Lo, et propager la décroissance de la résolvante locale sur toute une suite d’échelles
Lit1 = (Lg)%, 0 < a < 1, avec une bonne probabilité.

L’analyse multi-échelles est peu sensible & la géométrie des configurations d’'impuretés sous-
jacentes, étant donné une certaine homogénéité dans la distribution des impuretés dans ’espace.
Dans les modeéles de Delone-Anderson (1.1.17), définis sur un ensemble de Delone de carac-
téristiques (r, R), malgré le manque d’ergodicité (dans le cas apériodique), cette homogénéité
est assurée par le paramétre R qui controle la taille maximale des régions sans obstacles dans
I’espace. Dans la suite, nous formulerons plus précisement les critéres d’uniformité que les mo-
déles doivent vérifier pour permettre d’appliquer ’analyse multi-échelles pour des structures non
ergodiques.

Etant donnés §# > 0, E € R, 2 € Z% et L € 6N, on dit que la boite Ap(x) est
(0, E)-convenable pour H,, si E ¢ 0,4 1, €t

1
HFJB,LRw,z,L(E)Xz,L/BHI,L < ﬁ,

ou FZ‘,L = XAL_l(x)\AL—S(x).

Nous montrons que la Bootstrap MSA admet des modifications permettant I’étude de modéles
non ergodiques. Le théoréme suivant est une reformulation du Théoréme 3.4 et du Corollaire 3.10
[GKO01] dans un cadre non ergodique,

Théoréme 1.2.1. Soit H, un opérateur de Schrodinger dans le sens défini auparavant vérifiant
une estimée de Wegner uniforme dans un intervalle ouvert J avec un exposant de Holder s.
Etant donné 0 > d, pour chaque E € J il existe une échelle finie Lo(E) = L(0,E,Qw,d, s),
bornée sur des sous-intervalles compactes de J, telle que si pour L > Ly(E) on a

inf P{A E)- 1——— 1.2.
inf, {Az(z) est (0, E)-convenable} > Sa1d’ (1.2.3)
alors il existe 09 > 0 et C¢ > 0 tels que
TS
sup E | sup [[Xotaf (Ho)Po(I(50))xull3 | < Cee™ ", (1.2.4)
uezd If11<1

pour 0 < ¢ <1, ou I(6g) = [E — 0o, E + dp]. Comme conséquence, on a E € Xgr (voir (1.1.21))
et on obtient les propriétés suivantes,

(SUDEC) Décroissance uniforme et sommable des correlations des fonctions propres (Sum-
mable uniform decay of eigenfunction correlations) : pour presque tout w € Q, le spectre du
hamiltonien H,, dans I C Xgy est purement ponctuel de multiplicité finie. Soit {€p o }nen
une numération des valeurs propres différentes de H,, dans I. Alors pour chaque ¢ €]0,1]

12
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et € >0 on a, pour z,u € Z¢,

d+e d+e

IXa+udllIxull < Creewl i ST oll(@ + u) 2 (u) 2

e~lel (1.2.5)

pour tout ¢, € Ran P,({€nw}) (voir Section 2.2).

(SULE) Fonctions propres semi-uniformément localisées (semi-uniformly localized eigenfunc-
tions) : Soit I C X1 et 50it {€n w tnen la numération des valeurs propres différentes de H,,
dans I. Pour tout € > 0, il existe une constante m, > 0 et, pour presque tout w € €, il existe
une constante Cc,, < 00, telles que si (¢n o )nen sont les fonctions propres normalisées as-
sociées aux valeurs propres {€nw}nen dans I, alors il eriste des centres de localisation
{Zn.w}nen, tels que pour tout n € N et x € Z% on a

IXoPnwll < CeemetoslnaD ™ gmmela=anul (1.2.6)
De plus, les centres de localisation x, ., peuvent s’ordonner de telle maniére que
|xn,w| > vanl/(4z/), (127)

pour une constante finie C,, > 0, et la constante v > d/4 comme dans la propriété UGEE,
voir (2.2.8).

(DFP) Décroissance des projections de Fermi (Decay of the Fermi projections) : pour E €
Ygr et pour ¢ €]0,1[ quelconque on a

lal¢
sup E{|1XouPo((—00, ED)xull3} < Cexme ™, (1.2.8)
UEL

ot la constante C¢ g est localement bornée en E.

L’ensemble d’énergies ot on peut démarrer le Théoréme 2.1.3, c’est-a-dire, 14 ou H,, vérifie
une estimée de Wegner uniforme (1.2.2) ainsi comme 'estimé de pas initial (1.2.3) est désignée

par Xars4-

Dans notre démonstration, nous formulons la procédure de récurrence de I'analyse multi-
échelles de maniére locale, avec des boites centrées sur des points arbitraire de 1’espace. De
méme, nous construisons localement une expansion en fonctions propres généralisées, qui fera
le passage entre ’analyse multi-échelles et la localisation dynamique. Nous montrons ensuite
que, pour des modéles assez généraux, sous la contrainte d’uniformité des estimées de Wegner
et I'estimée d’échelle initiale, la MSA adaptée localement donne les mémes résultats que dans le
cas ergodique.

1.2.2 Transition métal-isolant d’Anderson

Nous étudions le régime de localisation dynamique en utilisant I’exposant de transport 3(F)
défini comme le taux de croissance de la fonction M, (p, X, T), définie par (1.1.19), dans I'ex-
pression

sup E (My o(p, X, T)) ~ TPAE), (1.2.9)
u

On définit deux ensembles complémentaires : la région de localisation dynamique ZPF = {E €
R : B(E) = 0} et celle de délocalisation dynamique ZPP = {E € R: B(FE) > 0}. Ces régions
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sont respectivement appelées dans la littérature “région de transport métallique faible” et “région
de délocalisation dynamique ou de transport trivial”. Par définition, la région de localisaton
dynamique gy, définie par (1.1.20), est contenue dans Zp; qui, donc par le Théoréeme 1.2.1,
contient la région Ypsga, d’applicabilité de la MSA. Ce qui compléte la caractérisation de la
région de localisation dynamique, est le fait que si 5 est au dessous de la valeur critique s/2d,
alors on peut obtenir le pas initial (1.2.3) pour démarrer la MSA. Pour cela, nous obtenons
[GKO04, Theorem 2.11] dans le cas non ergodique :

Théoréme 1.2.2. Soit H,, un opérateur de Schriodinger aléatoire comme il est défini auparavant,
qui vérifie une estimée de Wegner avec un exposant de Hélder s dans un intervalle ouvert J .
Soit X € C25 (R) avec X =1 sur un intervalle J C J, a >0 et p > p(a,s) = 12% + 20[%. Si

1
liminf sup —E (M, . (p, X,T)) < oo, (1.2.10)
T—oo yezd T 7

alors J C Xprsa. En particulier, (1.2.10) est vérifié pour tout p > 0.

Le Théoréme 1.2.2 implique la relation =P ¢ ¥p794, et comme conséquence, que I’ensemble
d’énergies dont 1’exposant (§ est nul est équivalent a I’ensemble ol on a de la localisation dy-
namique, i.e., EPY = gy, et plus, EPP = {E € R : B(E) > s/2d}. L’¢énergie de mobilité qui
sépare ces deux régions de localisation et délocalisation dynamiques est un point de discontinuité
de 'exposant 3. Ainsi, exposant de transport S(FE) donne une caractérisation de la transition
de transport métal-isolant pour des modéles non-ergodiques, ce qui est connu dans le cadre
ergodique. Ensuite, nous nous intéressons & la validité du résultat du théoréme précédent si I’in-
formation sur la croissance du moment aléatoire M, ., (p, X,T') est donnée juste en probabilité.
Ceci donne le résultat dans un version presque stire (régime quenched) puisque 'on connait son
comportement pour un ensemble de réalisations du potentiel aléatoire, et non plus en moyenne
sur 'aléa qui est le régime habituel (annealed).

Théoréme 1.2.3. Soit H, l'opérateur de Schridinger aléatoire défini auparavant, qui vérifie une
estimée de Wegner avec exposant de Hélder s dans un intervalle ouvert J. Soit X € CZ% (R)

avec X =1 sur un intervalle J C J, a >0 et p > p(a, s) := 15% + 204%. Si

lim inf sup TaP(M, . (p, X, T) > T) =0, (1.2.11)

T—o0 =/

alors J C Xprsa. En particulier, (1.2.11) est vérifié pour tout p > 0.

Remarque 1.2.2. Si le moment aléatoire croit presque sirement moins vite qu’un polyndme, ceci
implique en particulier la condition (1.2.11) pour un certain o > 0 et on a les conséquences du
théoréme.

De plus, si la condition (2.28) dans [GKO04, Theorem 2.11] est vraie pour o« > 0 et p >
p(a, s) +d, alors la condition (1.2.11) est vérifiée pour o/ = o+ ¢ et le méme p, o 0 < s/2 <

0 < S(p%c(la’s)) et p > p(d/,s), puisque par l'inégalité de Chebyshev on a, pour tout T >0

Ta SlipP(Muw(ZL X7T) > T ) < m

sup E(My o (p, X, T)). (1.2.12)
u
Donc (1.2.11) est certainement une condition plus faible que (1.2.10).
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Nous voyons ainsi que la dynamique de la solution de 1’équation de Schrodinger (¢, z) =
e""#Huq)(0, ), dans (1.1.1), est semblable dans sa version moyennée (annealed) et presque stre
(quenched).

Pour illustrer que ceci n’est pas toujours le cas, considérons le modéle d’Anderson parabolique
(MAP) [GaMo090, GaKo05, GaKoMo07|. Ceci est le probléme de Cauchy pour ’équation de la
chaleur dans Z¢ avec un potentiel aléatoire, donné par

ou(t,z) = Au(t,z) + £(z)u(t,z) onRy x Z2
u(0,x) = do(x) (1.2.13)

ot A est le Laplacien discret et £ est le potentiel ergodique a valeurs réelles avec des variables
aléatoires identiquement distribuées. Le comportement asymptotique en temps de la solution u
de (1.2.13) est déterminé par les propriétés spectrales de Uopérateur H = A + £. Ce modéle
est important en physique mathématique puisqu’on observe de [’intermittence. Cela signifie qu’il
existe un nombre petit de régions dans ’espace, appelées des iles d’intermittence, qui sont loin
les unes des autres et qui portent asymptotiquement toute la masse de la solution wu, définie
par la quantité aléatoire U(t) = > .yau(t,z). Pour obtenir une caractérisation géomeétrique
du phénomeéne d’intermittence, on cherche & comprendre le comportement asymptotique de U(t)
lorsque t — o0, la géométrie des iles d’intermittence qui portent la plus grande partie de la masse
U(t), ainsi que la forme typique du potentiel £ et la forme de la solution u sur ses iles. Le régime
moyenné correspond a ’étude de I'espérance de U(t) dans I'espace de probabilité, c’est a dire,
sur l'espace de toutes les configurations possibles du potentiel £, comme dans les OSA, alors que
dans le régime presque str on regarde les asymptotiques pour un ensemble de réalisations de
mesure totale dans I'espace de probabilités. On observe des comportements différents dans ces
deux régimes, par rapport a la forme, la taille et la quantité des iles d’intermittence comme & la
forme du potentiel £ qui gouverne ces traits [GaMo90|. La transition du régime presque str au
régime moyenné fut analysée dans [BAMRO5], en considérant les asymptotiques d’une version de
la masse U(t) a volume fini, normalisée par le volume.

1.2.3 Opérateurs de Delone—Anderson

Comme application des outils développés précédemment, nous poursuivons avec I’étude des
opérateurs de la forme H, = Hy + A\V,,. La partie libre Hy est un opérateur auto-adjoint semi-
borné inférieurement et V,, est 'opérateur de Delone—Anderson définit par

V., = iju(x —7), u€C(A), (1.2.14)
jeb

ou D est un ensemble de Delone de paramétres (r, R) pas forcément périodique, et ou les variables
aléatoires w; sont indépendantes et identiquement distribuées. On suppose que le potentiel de
simple site u € C.(A,), ’ensemble de fonctions continues & support compact contenu dans le cube
de coté R. Notons que, comme 7 est la distance minimale entre les points de D, u ne vérifie pas
la condition de recouvrement

> u(z —j) > Cxpa, avec 0 < C < o, (1.2.15)
jeD

puisque les supports de u(x — j) sont disjoints.
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Nous cherchons & montrer la localisation dynamique et a obtenir une borne quantitative
sur l'intervalle de localisation ainsi qu’a obtenir la transition métal-isolant d’Anderson dans le
cas magnétique en dimension d = 2. Notre probléme consiste & démontrer les deux hypothéses
nécessaires pour démarrer ’analyse multi-échelles pour le cadre non ergodique : ’estimée de
Wegner (1.2.2) et 'estimée d’échelle initiale (1.2.3).

Obtenir I'estimée de Wegner s’avéra une question difficile en soi, puisque le probléme du
manque d’invariance par translation dans (1.2.14) se voit empirer par le manque de condition
de recouvrement (1.2.15) pour le potentiel de simple site u. Une maniére d’obtenir des estimées
de Wegner, dans le cadre ergodique, est de “lever” le spectre en exprimant ’opérateur aléatoire
comme une perturbation négative d’un opérateur maximal (périodique, dans le cas o D est un
réseau) dont I'infimum spectral se situe strictement au-dessus de U'infimum spectral de 'opérateur
original. De cette maniere ’estimée de Wegner est obtenu en dehors du spectre d’un opérateur
périodique [BAMLS11, BAMNSS06].

Dans [BAMNSS06], pour une configuration d’impuretés du type Delone et Hy = —A, on
montre que 'infimum spectral de 'opérateur maximal est strictement positif en utilisant des
conditions de bord de Neumann et un argument de compacité. Ensuite on utilise la méthode
de moments fractionnaires [AM93, A94| pour montrer de la localisation en bas du spectre. Ce-
pendant, cette analyse ne donne pas d’information quantitative sur le placement de cet infimum
spectral de l'opérateur maximal. On a comme but dans ce travail, entre autres, d’obtenir de
I'information sur la taille de la région de localisation, notamment, une borne sur sa dépendance
aux parameétres de I’ensemble de Delone.

Dans ce contexte, il est fondamental que I'opérateur libre H vérifie le principe de continuation
unique (UCP, de ses sigles en anglais). Cela signifie que pour tout E € R et pour toute ¢ €
HE .(RY) qui est solution de 'équation (Hy— E) = 0, si ¢ s’annule sur un ensemble ouvert de R?,
alors ¢ est identiquement nulle. Pour des potentiels A et V,, assez réguliers, 'opérateur vérifie
une telle propriété [W95]. Pour illustrer de maniére simple la version quantitative de ce principe,
regardons une fonction propre ¢ de opérateur Hy restreint a un volume G C R%. Si ¢ # 0 sur
G, alors pour € R%, § > 0 et © C RY, tels que B(xz,6) et © sont contenus dans G et loin de
0G, il existe une constante C' > 0, dépendante de d, G, © et de dist(z, ©), telle que,

el = Clleld  sur G. (1.2.16)

La version quantitative de 'UCP est conséquence des estimées de type Carleman [BoK05, GK11,
EV03]. L’UCP fut exploité par Combes, Hislop et Klopp dans [CHK03, CHKO07| pour obtenir
des estimées de Wegner pour le modéle d’Anderson sans avoir une condition de recouvrement
(1.2.15) pour le potentiel de simple site u. L’ingrédient principal de leur preuve est une borne
inférieure pour les projecteurs spectraux Py(I) de I'opérateur Hy associés a un intervalle I C R,
de la forme

Po(I)V Py(I) > C'"P(I), (1.2.17)

pour une constante C’ > 0, ou V est le potentiel (déterministe) périodique obtenu en faisant
toutes les variable aléatoires égales & 1 dans V,,, (1.1.6), i.e.,

Vi)=Y u(z—j) (1.2.18)

jer
Comme le potentiel de simple site u vérifie u > u_xp(,s) pour des constantes u_,d > 0, et &
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petit, (1.2.17) revient a dire que si ¢ € Ran Py([), alors

> lelzge = Clell?, (1.2.19)

jer
pour une constante C” > 0. Le résultat dans [CHKO03] est basé sur la périodicité du réseau et
'utilisation de la théorie de Floquet. Connaitre la constante C’ dans (1.2.17) est importante
puisqu’elle rentre dans la constante Qy de 'estimée de Wegner (1.2.2) comme C’~2 [CHKO3,
CHKO07], cependant, sa forme explicite ne fut pas nécessaire dans ces résultats. Par ailleurs, cette
information est fondamentale pour Bourgain et Kenig [BoK05] dans leur preuve de localisation
d’Anderson pour le modéle de Bernoulli dans L?(R%). Tls montrérent que si l'on écrit R :=
dist(z,©) et 7 := [|¢|lcll¢llg" dans (1.2.16), la constante C' dépend de ces paramétres comme

C ~ R~R"loeT, (1.2.20)

Plus tard, Germinet et Klein [GK11] se basérent sur ces résultats pour donner une formule
explicite pour C’ dans (1.2.17), en utilisant la théorie de Bloch-Floquet. Une décomposition de
Floquet du potentiel (1.2.18) permet de réduire I’étude de ¢ sur G a I’étude de son comportement
sur Ay, la cellule élémentaire du réseau I', de période ¢. Si ¢ > 2, ils obtinrent I'estimée (1.2.16)
avec G = Ay, B(x,0) C suppu et une constante

Crqg ", (1.2.21)
qui ne dépend pas du quotient 7. Comme 'estimée est uniforme par rapport au placement de la
cellule dans GG, au moment de réunir les termes pour réconstruire I', on obtient (1.2.23) avec la
méme constante C. Ainsi, dans (1.2.23), la constante dépend seulement de la période du réseau
et non pas de la taille de ¢ sur G ni du quotient .

Dans le cas ou la distribution d’impuretés dans le milieu n’est pas périodique, par exemple,
le cas des modéles de Delone-Anderson, la manque d’une théorie de Bloch-Floquet s’avéra un
obstacle important. Prenons un opérateur de Delone—Anderson avec un ensemble de Delone sous-
jacent apériodique D, tel que I'on peut décomposer G en cellules A, ot chaque point j de D est &
I'intérieure d’une cellule, que I’on désigne par Ay4(j). Si on essaye de procéder comme dans [GK11],
on obtient l'estimée (1.2.16) avec une constante C' qui peut étre différente pour chaque cellule
élémentaire A4(j), disons, Cj, et qui peut méme dépendre d’un quotient 7; := H(p”g”(p”lt(j).
Ensuite, on obtient une estimée équivalente a (1.2.23) sur G, de la forme

Z ||80||23(j,5)2 Z CjHSDH?\q(j)a (1.2.22)

jeEDNG JjEDNG

tandis que dans le cas périodique, on a C; = Cy et 7; = 79 Vj € D. Or, rien n’assure que
inf{Cj}, j € DN G} soit indépendant de la taille de G et que, donc, le terme a gauche dans
(1.2.23) reste positif quand G tend vers tout I’espace R%. Dans ce cadre, des résultats analogues
a ceux de [GK11]| furent obtenus dans [RMV12| pour des fonctions propres de opérateur Hy,
pour H, = —A + V5 + V,, ou V| est un potentiel borné. La principale difficulté dans le cas
apériodique est de controler le terme ||g0||GHgoHél qui apparait dans la constante C et ainsi
¢éliminer toute dépendance de la taille de G dans (1.2.23) qui donnerait que inf{C}, j € D} > 0.
C’est ce que nous obtenons dans [RMV12], ou, par un argument de réduction géométrique, pour
¢ € Ran Py(I) une fonction propre, on a (1.2.23) a volume fini, soit :

S lelgn 2C" Y leli, g = el (1.2:23)
jeDNG jeDNG
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Dans I’Appendice A.1, on présente une preuve simplifié du résultat dans [RMV12]|. En bas du
spectre, cela entraine (1.2.17) par un argument de [BAMLS11] et sans avoir recours & une décom-
position de Floquet. Pour un intervalle I C R arbitraire, (1.2.17) reste un probléme ouvert dans
le modele de Delone—Anderson. En dimension 1, il y a des résultats du type (1.2.23) pour des
fonctions propres [K96, V96, KV02a|, que ’on considérera plus tard avec le modéle de Delone—
Bernoulli.

En ce qui concerne l’estimée d’échelle initiale, cela consiste a établir la décroissance de la
résolvante a volume fini & partir d’une certaine échelle. En bas du spectre, ceci est une conséquence
de l'existence d’une lacune spectrale pour les versions a volume fini de H,,, ou on peut utiliser
I’estimée de Combes—Thomas. Aux bords du spectre, on peut aussi utiliser des asymptotiques
de Lifshitz, qui est un comportement caractéristique de la densité d’états intégrée (IDS) sur ces
régions spectrales. Cet argument ne fonctionne pas en toute généralité dans le cas d’un ensemble
de Delone apériodique, ou, faute d’un théoréme ergodique convenable, méme ’existence de I'TDS
s’avére un probléme plus délicat que ’on traitera dans le dernier chapitre de cette thése, et ou
on trouvera des asymptotiques de Lifshitz seulement en bas du spectre. Les lacunes spectrales
internes restent encore hors de portée.

La version quantitative de 'UCP est aussi importante pour avoir de I'information sur I’infi-
mum spectral. Si on connait la constante C’ dans (1.2.17) pour I’état fondamental ¢, normalisé,
d’un opérateur Hy et un potentiel V', alors (1.2.17) implique

(o, (Ho + V)p) = (@, Hop) + (¢, V) (1.2.24)
> Ey+ C', (1.2.25)

ou Ey = info(Hyp). Le lien entre la perturbation de linfimum spectral et (1.2.17) fut étudié,
notamment, dans [BAMLS11]. Dans ce cadre, ces inégalités deviennent utiles pour estimer la
taille des lacunes spectrales en bas du spectre et donc, pour 'obtention de I'estimée d’échelle
initiale.

Nous regroupons nos résultats par type d’opérateur non perturbé Hy : avec puis sans champ
magnétique.

1.2.4 Opérateurs de Landau avec perturbation du type Delone—Anderson

Considérons le hamiltonien de Landau avec champ magnétique constant B et une pertur-
bation du type Delone-Anderson, que l'on dénote par Hp .. Nous appliquons les résultats
précédents et on montre I'existence d’une transition métal-isolant, comme dans le cas ergodique
[GKSO07|. Plus précisement, on montre ’existence des régions spectrales complémentaires de lo-
calisation et délocalisation dynamiques. En faisant cela, on généralise des résultats connus pour
les hamiltoniens de Landau aléatoires ergodiques [CH96, GK03, GKS07, GKS09] au cadre non
ergodique.

Le spectre de Hp ) ., est contenu dans des bandes, dites de Landau. Si le parameétre de désordre
A et le support des variables aléatoires sont tels que les bandes de Landau sont disjointes, nous
montrons

Théoréme 1.2.4. Soit Hp ), un opérateur de Delone-Landau, avec potentiel V., donné par
(1.2.14), pour lequel les bandes de Landau sont disjointes. Alors pour chaque n = 0,1,2, ... il existe
une constante positive B(n), dépendante des paramétres du modéle, telle que pour tout B > B(n),
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Hp ). présente une transition métal-isolant d’Anderson presque surement dans ’eniéme bande
de Landau.

Par rapport a estimée de Wegner, on se base sur [CHKR04], ou l'utilisation d’une décompo-
sition de Floquet est remplacée par des estimées sur des projecteurs spectraux. Ces arguments
sont convenables dans le cadre apériodique, puisque ces propriétés, inhérentes a la situation ma-
gnétique, ne dépendent pas de la périodicité du réseau. L’estimée d’échelle initiale est abordée
dans le Théoréme 3.3.1, ot nous prouvons la localisation dynamique aux bords des bandes de
Landau.

La délocalisation dynamique est, par ailleurs, établie a l'intérieur de chaque bande de Lan-
dau dans le Théoréme 3.3.4. Ceci est une conséquence, d’'une part, de la quantification de la
conductivité de Hall o (1.1.23) et d’autre part, de la décroissance des projecteurs de Fermi
donnée par le Théoréme 1.2.1. Les arguments de [GKS07] ne sont pas sensibles & la périodicité
du réseau et donc on peut suivre le méme raisonnement. Rappelons que la conductivité de Hall
o est quantifiée sur des intervalles de localisation dynamique. De plus, sous la condition d’avoir
des bandes de Landau disjointes, dans un certain régime du parameétre de désordre A\ (petit),
les lacunes spectrales restent ouvertes et donc, la valeur de o sur ces régions reste constante.
Puisque o a des valeurs dans N pour le hamiltonien de Landau libre [BSVE94| sur les lacunes
spectrales, on peut en déduire que la conductance de Hall ne peut pas rester constante dans
tout le spectre et donc il existe au moins une énergie délocalisée. De plus, comme nous avons
montré de la localisation dynamique aus bords des bandes spectrales, ceci montre l'existence
d’une énergie de mobilité entre les régions métallique et isolante.

De plus, le Théoréme 3.3.5 assure que ces résultats ne sont pas triviaux en démontrant qu’il
existe presque stirement du spectre de Hp ) ., dans les régions ot nous démontrons qu’il y a de
la localisation dynamique. Plus précisement, nous montrons que s’il y a des lacunes spectrales
dans des bandes de Landau, leur taille doit étre plus petite que B~1/2. Ce résultat fut démontré
dans le cadre ergodique dans [CH96, Appendix B|. Pour l'adapter aux opérateurs de Delone—
Anderson, nous considérons le systéme dynamique de Delone colorié Xp, défini dans (1.1.15).
Dans cette construction, il est fondamental d’avoir la bonne définition de translation, & savoir,
quand on translate un ensemble D% € Xp dans R?, on le fait de maniére que la variable aléatoire
wj, j € D est translatée avec le point j € D. Autrement dit, le translaté du point (j,w;) € D¥
est (j +z,wj) € (D + x)¥, dans un sens que I'on décrira rigoureusement dans le Chapitre 5. On
généralise [CH96, Appendix B| en utilisant une translation particuliére de D, et les résultats
obtenus sont uniformes par rapport a la translation choisie.

1.2.5 Perturbations du type Delone—Anderson de Hy = —-A et Hy=—-A+ 1}

On considére des perturbations de type Delone—-Anderson d’un opérateur Hy ou Hy = —A
ou bien Hy = —A + Vj, et Vj est un potentiel déterministe borné. On vérifie les hypothéses du
Théoréme 1.2.1 pour montrer de la localisation dynamique en bas du spectre.

Dans le cas Hy = —A, en ce qui concerne 'estimée de Wegner pour le Laplacien libre en bas du
spectre, nous nous servons d’une méthode de moyennage spatiale comme dans [GHK07, BoK05,
GO8J. Cela consiste a utiliser un potentiel auxiliaire qui reproduit une condition du recouvrement
(1.2.15) et qui, donc, "léve” le spectre et donne le principe de continuation unique quantitative
dont on a besoin pour obtenir un estimée de Wegner optimale en suivant les arguments de
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[CHKO07, CHKO03|, sans utiliser une décomposition de Floquet. Plus précisement, pour le potentiel
Vi défini comme la restriction de (1.2.18) sur un cube A, nous prenons le potentiel auxiliaire V',

— 1
Val) = o7 [ VA —apda > 0 (1.2.26)

ott la constante C' dépend de u, R, d. On peut montrer que pour ¢ € Ran Py A(I) = x7(—Ax), oit
I C R contient 0, on a (VA — Va)p, @) = |[|[Vy||. Donc, le fait de travailler a trés basse énergie
assure que le potentiel auxiliaire est une bonne approximation du potentiel original. De plus, par
le terme & gauche de (1.2.26), le potentiel auxiliaire vérifie (1.2.17) sur le cube A, d’ott on obtient
I’estimée de Wegner.

Le méme argument de moyennage produit une lacune spectrale en bas du spectre pour des
versions & volume fini de H,,, ce qui avec ’estimée de Combes—Thomas sert & montrer 1’estimée
d’échelle initiale, et & obtenir, donc, la localisation dans un intervalle d’énergie [0, E,|. Ce raison-
nement fut utilisé pour le modeéle de Bernoulli dans [GO08]. Ensuite, on utilise des critéres issus de
[GKO03] pour savoir comment la longueur de U'intervalle de localisation E, dépend explicitement
des paramétres de I’ensemble de Delone sous-jacent au potentiel V,,. Plus précisement :

Théoréme 1.2.5. Soit M > 0 fizé et D un ensemble de Delone de paramétres (r,R). Soit
H, = —A+V,, l'opérateur de Delone-Anderson associ¢ sur I?(RY), ou V, est donné par (1.2.14),
avec des variables aléatoires appartenant & lintervalle [0, M], de maniére que o(H,) = [0, 00)
pour p.t. w € Q. Il existe des constantes positives C' et A, qui dépendent des paramétres du
modéle d,u, M et de la distribution de probabilité u, et une énergie

C/
E, =
R2(@+1) |log AR|2/d

(1.2.27)

telles que pour tout intervalle I C [0, E,), on a I C Xprs4. En particulier, on a de la localisation
dynamique dans [0, E,) pour la famille {H,} cq-

La méthode de moyennage (1.2.26) est une approche élémentaire du probléme d’obtenir
(1.2.17). Son avantage, hors sa simplicité, est qu’elle peut s’utiliser dans le cadre continu ainsi
comme dans le cadre discret, 14 ou 'UCP n’est pas valable. Prenons, par exemple, le modéle
d’Anderson

H,=-A+V, surl*2z%), (1.2.28)

ou

Vol@)= > widj(a), (1.2.29)

je(2z)4

ott §;(-) est le delta de Kronecker et w; sont des variables aléatoires indépendantes, identiquement
distribuées supportées dans [0, M], pour M > 0. Notons que V, est un potentiel invariant par
rapport aux translations dans (2Z)%, et donc (1.2.28) est un opérateur ergodique. Ceci implique
que le spectre o(H,) = [0,2d+ M| pour p.t. w € Q. De plus, ce potentiel a des trous, i.e.,. V, =0
sur Z%\ (2Z)%. En utilisant le moyennage spatiale (1.2.26), on peut suivre la méme preuve de
I’estimée de Wegner que dans le théoréme précédent pour obtenir une estimée de Wegner pour
(1.2.28) dans un intervalle I = [0, Ey), o E4 est une constante qui dépend de la dimension d.
Pour obtenir ’estimée de pas initial en bas du spectre, ’ergodicité du modéle nous permet de
procéder de la maniére standard dans le cadre ergodique, qui consiste & utiliser la densité d’états
intégrée pour obtenir des asymptotiques de Lifshitz en bas du spectre. Puisque 'on peut vérifier
les hypothéses de la MSA pour ce modéle ergodique, on obtient
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Théoréme 1.2.6. Pour le modéle d’Anderson discret (1.2.28), (1.2.29), on a de la localisation
dynamique en bas du spectre.

Ce résultat est, & notre connaissance, le premier sur la localisation pour des potentiels ergo-
diques discrets avec des trous.

Nous prenons ensuite le cas ou Hy = —A + Vj, avec V) un potentiel borné. En prenant
des variables aléatoires appartenant a [0, M], on a Ey = info(Hy) = o(H,) pour p.t. w € .
Si Vp # 0, la méthode de moyennisation spatiale utilisée auparavant ne fonctionne plus en bas
du spectre puisque Fy # 0, et donc le potentiel auxiliaire n’est plus une bonne approximation
du potentiel original. Si Vj est périodique nous obtenons une estimée de Wegner optimale en
dehors du spectre non perturbé en suivant le raisonnement de [CHK03, CHKO07], sans utiliser le
principe de continuation unique. Par ailleurs, dans le cas ott Hy a une densité d’états intégrée qui
est Holder continue, nous utilisons cette continuité pour remplacer le principe de continuation
unique et obtenir ainsi une estimée de Wegner optimale. Sinon, pour le cas Hy = —A + Vj
ou Vy est simplement borné, on utilise les résultats sur des estimés de Wegner obtenus pour
des potentiels de Delone dans [RMV12]. En ce qui concerne 'estimée d’échelle initiale, nous
profitons du principe de continuation unique de [RMV12]| pour obtenir la bonne décroissance
de la résolvante par l’estimée de Combes-Thomas, sous une condition sur le désordre. Plus
précisement, on suppose que la distribution de probabilité 1 a un comportement assez plat sur
les bords de son support. Ici on peut, comme auparavant, identifier la dépendance de I’énergie
FE, des paramétres de I’ensemble de Delone et obtenir le théoréme qui suit,

Théoréme 1.2.7. Soit D un ensemble de Delone de paramétres (r,R) et H, = —A + Vy + V,
DUopérateur de Delone—Anderson associé sur LQ(]Rd), ot Vy est un potentiel borné et V,, est donné
par (1.2.14). On suppose qu’il existe des constantes ¢ et T > d/2 telles que la distribution de
probabilité p supporté dans [0, M] vérifie au bord

w[0,t] < ct™, pourt >0 petit. (1.2.30)

Soit B € (d/(27),1) fizé. Alors, il existe des constantes C" et C qui dépendent de d, M, I, u,Vp, 3
et une énergie F, donnée par

E, = Ey + C'R™CB/?son(R-1) (1.2.31)

telles que pour tout intervalle ouvert I C [Ey, E.), assez petit, on a I C ¥Xprs4. En particulier,
H, a du spectre dynamiquement localisé dans [FEy, E.), ot Ey = inf o(H,,) pour p.t. w € Q.

Ensuite, nous nous intéressons au cas H,, = —A+V), o Vj est borné et V,, est un potentiel de
Delone-Bernoulli de la forme (1.2.14) ou les variables aléatoires sont de Bernoulli, de paramétre
B, tel que 0 # Ey = info(Hp) = info(H,) pour p.t. w € Q. Sans perte de généralité, on
suppose que Ey > 0. Pour ceci, on utilise la MSA développée par [GK11]|, basée sur [BoK05|.
Il suffit de montrer ’estimée d’échelle initiale, et on le fait en montrant qu’il existe, avec une
assez bonne probabilité, une lacune spectrale au dessus de Ey pour la version & volume fini de
Iopérateur H,. Pour cela, on extrait de V,, un potentiel auxiliaire Vi qui est du type Delone de
parameétre maximal Ky, ou K, dépend de la taille de la boite Ay, utilisée pour définir la version
a volume fini de H,,. Pour montrer que la perturbation Vi crée une lacune spectrale au dessus
de I'infimum spectral Ejy, on se sert d’'une des conséquences du principe de continuation unique
dans sa version quantitative, sur la perturbation de 'infimum spectrale (voir I’Appendice A.3 et
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[RMV12, BAMLS11]|). On utilise la constante du principe de continuation unique obtenue dans
[RMV12], valable pour toute dimension. Cette constante dépend des paramétres de ’ensemble de
Delone de caractéristique maximale R de la forme Cycop ~ R*RMS, qui est la méme dépendance
que dans le cas d’un réseau périodique, voir [BoK05, GK11]. Cette information, appliquée au

potentiel Vi donne la taille de la lacune spectral au dessus de Ey, qui dans ce cas sera de 1’ordre
4/3

de K;KL . Ensuite, on utilise I'estimée de Combes—Thomas pour montrer la décroissance de la
résolvante a l'intérieur de la lacune spectrale, qui prouve l’estimée d’échelle initiale, comme on
I’a fait pour les variables aléatoires a densité réguliére. Dans notre analyse, la forme explicite de
la constante Cyop joue un role central dans la preuve de P'existence d’une lacune spectrale (voir
Appendice A.3).

Théoréme 1.2.8. Soit D un ensemble de Delone a paramétres (r,R) et H, = —A+ Vo + V,
Vopérateur associé sur L*(R?), o V,, est un potentiel de Delone-Bernoulli de paramétre (3.

1. En dimension d > 2, on a de la localisation dynamique en bas du spectre.

1. En dimension d =1, il existe une constante C, qui dépend de u et Vy, tel que si

B<e R (1.2.32)

alors on a de la localisation dynamique en bas du spectre.

La restriction d > 2 est donnée par la décroissance que I'on obtient de I’estimée de Combes—
Thomas. Or, en dimension d = 1, on se sert d’un autre principe de continuation unique obtenu
pour des configurations d’impuretés périodiques dans [V96, KV(02a|. Ces arguments se basent
sur le lemme de Gromwall, et ne se servent pas de la périodicité du réseau. Dans I’Appendice
A.2 nous suivons ces arguments pour des configurations de Delone et ainsi nous obtenons une
constante qui dépend du paramétre maximal R de I’ensemble de Delone comme Cyyop ~ R~ 1e .
Dans la preuve du Théoréme 4.5.1, ceci donnera une lacune spectrale au-dessus de Fy pour la
perturbation Vi de taille ~ Kgle_KL. Cette constante présente une amélioration par rapport a
celle obtenue par [RMV12, BoK05, GK11]. Cependant, on a besoin de la condition (4.5.3) sur le
désordre pour avoir la bonne décroissance de la résolvante d’aprés 'estimée de Combes—Thomas.

1.2.6 La densité d’états intégrée pour des opérateurs de Delone—Anderson

Comme nous expliquions au début de cette introduction, une conséquence majeure de I'er-
godicité dans le modéle d’Anderson est I'existence de la limite de la fonction de comptage de
valeurs propres normalisée, appelée aussi densité d’états intégrée a volume fini, défini par

voL(E) = %trX(—oo,E](Hw)XAZ,L, (1.2.33)
o xa,, est la fonction caractéristique du cube A, de centre z € R et volume L?. Cette
définition est équivalente & (1.1.9). L’existence d’une telle limite se fonde sur le théoréme er-
godique de Birkhoff. Celui-ci permet de montrer que la suite v, (E), vue comme un processus
stochastique ergodique, converge vers une quantité déterministé, obtenue par une moyenne sur
I’espace de probabilités. Comme le modéle d’Anderson est invariant par rapport aux translations
spatiales, le théoréme ergodique nous permet de passer d’une moyenne spatiale & une moyenne
en probabilité.

Dans le modéle d’Anderson avec des variables aléatoires a distributions décroissantes, qui n’est
pas ergodique, on peut remplacer le théoréme ergodique par la loi des grands nombres. Pour que
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cela fonctionne, on redéfinit la densité d’états a volume fini (1.2.33) et on remplace le facteur de
normalisation L% de maniére convenable [BoeKS05, Boe03]. Ceci ressemble a 'approche utilisée
dans des modéles & potentiels surfaciques, qui sont ergodiques dans une seule direction, ot on
étudie plutot la notion de densité d’états surfaciqgue [BoeKS05, BAMS03, BAMSS05|. Dans le
cadre des opérateurs de Delone-Anderson, ol ces arguments ne sont pas valables, on utilise le
systéme dynamique de Delone coloré Xp (1.1.15) pour étendre la famille d’opérateurs H,, a
une famille {Hpw}p, %+ de maniére & retrouver de l'ergodicité. Dans ce cadre on utilise le
théoreme ergodique de Miiller et Richard [MR12| qui permet de travailler avec des ensembles
discrets colorés, ou la couleur peut varier contintiment, i.e., un espace de couleur A = I, ou [ est
un intervalle, est admissible. Nous montrons le théoréme suivant,

Théoréme 1.2.9. Soient D un ensemble de Delone de paramétres (r,R) et H, = Ho + V,
Dopérateur de Delone—Anderson associé agissant sur LQ(IR{d). Si le systeme dynamique associé
a D, Xp est uniquement ergodique, alors la limite (1.2.33) eziste pour presque tout w € Q). La
limite est appelée densité d’états intégrée et on la dénote par v.

La preuve consiste & montrer la convergence vague des mesures associés & la fonction distri-
bution (1.2.33). La mesure n dont v est la fonction distribution, c’est-a-dire v(E) = n((—o0, E)),
est appelée la mesure de densité d’états. Le fait que I’ensemble de Delone est tel que le systéme
dynamique associé soit uniquement ergodique est fondamental pour éliminer des ensembles né-
gligeables pour lesquels le résultat du théoréme ergodique de [MR12] ne se vérifie pas. Sans cette
condition, le résultat d’existence dans le Théoréme 1.2.9 serait pour presque tout élément de Xp,
donc il pourrait arriver que I’ensemble qui nous interesse soit dans le complément, de mesure
nulle.

Pour faire le lien entre la densité d’états intégrée et le spectre de H,, on doit faire quelques
suppositions sur la géométrie de I’ensemble de Delone. D un coté, D doit vérifier la propriété de
complexité locale finie : les motifs qui composent ’ensemble D doivent étre, sauf translations,
un nombre fini. Mais ce n’est pas suffisant, puisque tout motif de D doit étre en plus répété un
nombre infini de fois dans D. Ceci implique que la fréquence d’apparition de motifs doit étre
uniforme, mais en plus non nulle. On appelle cette propriété fréqguence d’apparition de motifs
uniforme strictement positive. De cette maniére, toute région de D qui contribue & la présence
d’une valeur propre & une échelle finie, est toujours présente dans la limite quand 1’échelle tend
vers linfini.

Théoréme 1.2.10. Soit D un ensemble de Delone de parameétres (r, R) de complexité locale finie
avec une fréquence d’apparition de motifs uniforme et strictement positive. Soit H, = Ho + V,
Vopérateur de Delone-Anderson associé agissant sur L*(RY), avec une mesure de probabilité de
simple site 4 support dans un alphabet fini. On a

supp n = o(Hy), pour presque tout w € €, (1.2.34)

ot suppn est le support topologique de la mesure densité d’états n . Comme conséquence, il existe
des ensembles ¥, Yqc, Yse C R tels que

0e(H,) =Xe, pour e = pp,ac,sc. (1.2.35)
Une fois que I'existence de la densité d’états est démontrée, on peut étudier son comportement
en bas du spectre. Pour 'opérateur H = —A, la loi asymptotique de Weyl donne le comportement

[RSTV]
V(E) ~ C(E — Eo)¥?, (1.2.36)
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pour des énergies E prés de Ey = 0. Plus généralement, pour un potentiel périodique Vj # 0, la
densité d’états intégrée de H = —A + 1}y se comporte comme (1.2.36) pour d’énergies E prés de
Ey =info(H) [vH53].

Cependant, pour une perturbation de type d’Anderson, ce cadre change abruptement. Lifshitz
[L65] observa que le comportement de la densité d’états intégrée est fortement affecté par la
présence du désordre dans un milieu, et que en bas du spectre le comportement polynomial
(1.2.36) devient exponentiel. Plus précisement, pour un opérateur H, = —A + Vy + V,, et pour
des énergies trés proches de Ey = inf o(Hp), on a

—d/2

V(E) ~ cpe2F=E) =" (1.2.37)

pour des constantes positives c1,co. On appelle ce dernier comportement, asymptotiques de
Lifshitz [DV75, N77, P77, KM83, KS86|. Pour une perturbation du type Delone-Anderson du
Laplacien, nous trouvons un résultat analogue au cas ergodique :

Théoréme 1.2.11. Soient D et H, = —A + V,, vérifiant les hypothéses du Théoréeme (1.2.9).
La densité d’états intégrée v(E) a un comportement asymptotique de Lifshitz (1.2.37) en bas du
spectre.

La preuve suit les mémes pas que dans le cadre ergodique. Cela consiste & obtenir des
bornes supérieure et inférieure pour v en utilisant ’encadrement de Dirichlet—Neumann. Pour
obtenir cet encadrement, nous utilisons la sous-additivité et la super-additivité de processus
T X (oo, E}(Hw\ A, ) par rapport aux conditions au bord de Neumann et de Dirichlet, respecti-

vement, et le fait que la mesure ji sur l'espace coloré Xp est invariante par translation dans
R?. Nous obtenons des bornes supérieure et inférieure qui dépendent des paramétres r et R de
I’ensemble P € Xp. Puisque ces paramétres sont les mémes pour tous les éléments de Xp, les
bornes obtenues sont uniformes sur Xp. On en déduit des bornes uniformes pour v.

Rappelons que pour un potentiel Vj périodique, le spectre de Hy = —A + Vj est une réunion
des bandes de spectre absolument continu, ou on peut avoir des lacunes spectrales, i.e., des
bandes disjointes. Prenons un potentiel d’Anderson V,,, de taille ||V,,||o assez petite, tel que
le spectre de H, = Hy + V,, présente des lacunes spectrales. On s’attend a que la densité
d’états intégrée de H,, vérifie (1.2.37) aux bords (internes) des bandes correspondants a ces
lacunes spectrales. On appelle ce phénomeéne asymptotiques de Lifshitz internes [Mez87, S87,
K199, KIW02]. En particulier, Klopp [KI199] montra que si la densité d’états intégrée de opérateur
Hj se comporte comme (1.2.36) aux bords spectraux internes, alors la densité d’états intégrée de
H,, vérifie (1.2.37). Son analyse se base dans une approximation de v(E) par les densités d’états
associées a des opérateurs périodiques, pour lesquelles la convergence vers v est exponentiellement
rapide. Puisque 'on se sert de la théorie de Bloch-Floquet pour exploiter la périodicité des
approximations, cette méthode ne marche pas dans le modéle de Delone—Anderson. L’étude des
asymptotiques de Lifshitz internes dans le cadre non ergodique reste un probléme ouvert.

L’importance de I’étude des asymptotiques de Lifshitz est 1ié & la présence de la localisation
[K195, K102a, KSS98]. Dans ce cadre, on peut utiliser le Théoréme 1.2.11 pour obtenir I’estimée
d’échelle initiale (1.2.3), en remplagant I’analyse fait par le moyennage spatiale dans la preuve du
Théoréme 1.2.5. On obtient de la localisation dynamique en bas du spectre pour une perturbation
de type Delone-Anderson du Laplacien, et la méme description de l'intervalle de localisation
obtenue auparavant (1.2.27). Cependant, la preuve du Théoréme 1.2.7 en bas du spectre en
utilisant des asymptotiques de Lifshitz reste hors de notre portée.
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Pour illustrer comment la géométrie de I’ensemble de Delone D a des conséquences sur 1’exis-
tence de la densité d’états intégrée, nous étudions un opérateur de Delone qui ne vérifie les
hypothéses des théorémes précédents.

Considérons une suite de cubes centrés a l'origine, {Ar, }ren, avec Ly = LY, a > 1. Soit
N, = {2k : k € N}, N, = {2k — 1: k € N}. On décompose R? de la maniére suivante,

RY = U Ag, Ap=1Ap, \Ar, ,, A, = 0. (1.2.38)
k=1

Soit D I’ensemble de Delone défini par

D= az'na,|u| | ezina], (1.2.39)
keN, keN,

et Hp 'opérateur de Delone associé, agissant sur L2(Rd), donné par

Hp=Ho+ Y ulz—7). (1.2.40)
~yE€D

Proposition 1.2.3. Soit vy, 1, la densité d’états intégrée a volume fini de Hp. La limite de
vip,r quand L tend vers l'infini n’existe pas.

Ceci est a la base une conséquence du fait que I'ensemble D ne vérifie pas la propriété de
fréquence d’apparition de motifs uniforme strictement positive. On considére les suites { A }ken,
et {Ax }ren, séparément : la restriction de H a la suite {Ag }ren, est équivalente & la restriction
d’un opérateur périodique Hy, de période g;, tandis que la restriction de H a la suite { Ay }ren,
se comporte comme un opérateur périodique Hy, de période g2. Donc, la densité d’états intégrée
de H se comportera de maniére alternée comme celle de Hy, et de Hy,. En prenant la limite
quand k tend vers l'infini, on obtiendra des résultats différents pour k € N, et pour k € N,.
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Chapter 2

Characterization of the
Anderson-Metal Insulator Transition
for non ergodic operators
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2.1 The model and main results

In this chapter, we study the characterization of the Anderson metal-insulator transition for
non ergodic random Schrdédinger operators in both annealed and quenched regimes, based on
a dynamical approach of localization. We extend known results for ergodic operators into this
more general setting and obtain annealed and quenched versions of the transport transition.
The characterization of the Anderson metal-insulator transition @ la Germinet-Klein consists
in proving the equivalence of the region where we can apply the Bootstrap MSA, i.e., where a
Wegner estimate and an initial length scale estimate hold, and the region where the operator H,,
exhibits dynamical localization. Therefore, the main ingredient in our proof is a generalization
of the Bootstrap Multiscale Analysis of Germinet and Klein to fit the non ergodic setting. In
this section we recall the results that compose the transport characterization and dedicate the
following two sections of the chapter to their proof. These results are contained in the article
"Characterization of the Characterization of the Anderson Metal-Insulator Transition for Non
Ergodic Operators and Application” published in Annales Henri Poincaré [RM12]. To complete
our study, we comment on the case where only weaker versions of the Wegner estimate hold. In
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the last section we prove that in this situation the characterization fails to hold for dimension
d>2.

For the reader’s convenience, and to make this chapter self-contained, we recall the notation
and definitions stated in the Introduction. For z € R? we denote by ||z| the usual Euclidean
norm while the supremum norm is defined as |z| = 1123<Xd|$i|, where |-| stands for absolute

<i<

value.

Given 2 € R? and L > 0 we denote by either B(x, L) or Br(x), the ball of center z and
radius L in the || - ||-norm, while the set

L
Ap(z) = {yERd:]y—x]oo < 5}

defines the cube of side L centered at x, also denoted as A, . We denote the volume of a
Borel set A C R? with respect to the Lebesgue measure as [A| = [pa xa(z)d%z, where x4 is the
characteristic function of the set A. We will often write x. 1, for x4, (») and denote by | f|lz z or
£, (z) the norm of f in LZ(A$7L).

We denote by C°(A) the vector space of real-valued infinitely differentiable functions with
compact support contained in A, with CZ% (A) being the subclass of nonnegative functions.

We denote by B(H) the Banach space of bounded linear operators on the Hilbert space H.
For a closed, densely defined operator A with adjoint A*, we denote its domain by D(A) C L?(A)
and by ||A|| = sup{||A¢|; ||#|l2 = 1} its (uniform) norm if bounded. We define its absolute
value by |A| = VA*A and, for p > 1, we define its (Schatten) p-norm in the Banach space
Tp(L2(N)) as ||A, = (tr|A[P)Y/P. In particular, J; is the space of trace-class operators and Ja,
the space of Hilbert-Schmidt operators. We write (x) = /(1 + ||z[|?) and use (X) to denote the
operator given by multiplication by the function (z).

For convenience we denote a constant C' depending only on the parameters a,b,... by Cy ...
Through this chapter, we assume H,, is a general random operator, not necessarily ergodic

(see 1.1.3), satisfying properties

(R) V, = V.F + V., where V. and V are real valued measurable processes on 2 such that
for P—a.e. w: 0 <V €L} (R and V; is relatively form-bounded with respect to —A,
with relative bound < 1, i.e. there are nonnegative constants ©; < 1 and ©, independent
of w such that for all ¢y € D(V) we have

{0, V59) | < 01]|Ve)|2 + Og[1])? for P-ace. w.

(IAD) There exists o > 0 such that for any bounded sets By, By C R? with dist(B;, By)> o, the
processes {V,,(z) : € By} and {V,,(z) : © € By} are independent.

In the case Hy = Hp, the unperturbed Landau Hamiltonian on L?(R?)
B
Hp = (—iV — A)?  with A = o (@2, —71), (2.1.1)

where A is the vector potential and B is the strength of the magnetic field, we ask A(x) €
L2 .(R?;R?) to satisfy the diamagnetic inequality so we can obtain trace estimates for the Landau

Hamiltonian from those of the Laplacian.
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It follows that H,, is a semibounded selfadjoint operator for P-a.e. w. Moreover, the mapping
w — H,, is measurable for P-a.e. w, we denote its spectrum by o,,,.

For the following assumption we need the notion of a finite volume operator, the restriction
of H,, to either an open box Af(z) with Dirichlet boundary condition or to the closed box Ay ()
with periodic boundary conditions. In this way, we obtain a well defined random operator H,, ; .
acting on L2(Az(z)) defined by

Hw,x,L = HO,z,L + )\Vw,z,L-

We denote its spectrum by o, , 1, and by Ry, 1(2) = (Hyzr — 2) 7! its resolvent operator. We
define the spectral projections P,(J) = xj(Hy,) and P, 5 1.(J) = xJ(Hwz,1) for J C R a Borel
set. When stressing the dependence on A, it will be added to the subscript.

Definition 2.1.1.

(UWE) We say that H,, satisfies a uniform Wegner estimate with Holder exponent s in an open
interval 7, i.e., for every F € J there exists a constant Qy, bounded on compact subin-
tervals of J and 0 < s < 1 such that

sup E{tr P, (E —n,E +n)} < Qwn°LY, (2.1.2)
zeR?

for all » > 0 and L € 2N. It satisfies a uniform Wegner estimate at an energy E if it
satisfies a uniform Wegner estimate in an open interval J such that £ € J.

To describe the dynamics, we consider the random moment of order p > 0 at time ¢ for the
time evolution in the Hilbert-Schmidt norm, initially spatially localized in a square of side one
around v € Z? and localized in energy by the function X € C5R), e,

Muyw(p, X, 1) = (X —w)PPe e X (Hy ) xu3- (2.1.3)

We next consider its time average,

2 o
Mqu (p? X? T) = T / e_Qt/TMu,w (p, X, t)dt (214)

0
Definition 2.1.2.

1. We say that H, exhibits strong Hilbert-Schmidt (HS-) dynamical localization in the open
interval [ if for all X € C2% (I) we have

sup E{sup M, .,(p, X,t)} < oo forall p > 0.
u€”Z? teR

We say that H,, exhibits strong Hilbert-Schmidt (HS-) dynamical localization at an energy
E if there exists an open interval I with F € I, such that there is strong HS-dynamical
localization in the open interval.

2. The strong insulator region for H, is defined as
Ysr ={E € R: H, exhibits strong HS-dynamical localization at E'}.

Note that if there exists a > 0 such that dist(E, o,,) > ¢ for almost every w, then E' € Xg;.
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Given # > 0, E € R, 2 € Z? and L € 6N, we say that the box Ap(z) is
(0, E)-suitable for H,, if E ¢ oy, , 1, and

1
HFiIJ,LRw,z,L(E)Xa:,L/?, HI,L < ﬁ,

where I'y 1, = XA _1(2)\A_s ()" If we replace the polynomial decay 1/LY by e~mL/2

the box Ar(z) is (m, E)-regular for H,,,.

we say that

As a first step towards the transport characterization in non ergodic models, we extend the
Bootstrap MSA [GKO01] to the non ergodic setting:

Theorem 2.1.3. Let H,, be a random Schridinger operator satisfying a uniform Wegner estimate
in an open interval J with Hoélder exponent s and assumptions (R), (IAD). Given 6 > d, for
each E € J there ezists a finite scale Lo(F) = L(0, E,Qw,d, s), bounded in compact subintervals
of J, such that if for L > Ly(F) the following holds

xiélzfd P{Ar(x) is (0, E)-suitable} > 1 — Sa’ (2.1.5)
then there exists 69 > 0 and C¢ > 0 such that
1l
sup E ( sup ||Xz+uf(Hw)Pw(I(5o))Xu||§> < Cpelol, (2.1.6)
u€Zd IFl<1

for 0 < ¢ < 1, where I(dg) = [E — do, E + dg]. Moreover, E € Xg; and we have the following
properties,

(SUDEC) Summable uniform decay of eigenfunction correlations: for a.e. w € Q, the Hamiltonian
H,, has pure point spectrum in I C Yg; with finite multiplicity. Let {e, o }nen be an
enumeration of the distinct eigenvalues of H,, in I. Then for each ¢ €]0,1[ and € > 0 we
have, for every x,u € Z4,

d+e d+e

IXa+udlIXull < CreewlTa ST @l (@ +u) 2 (u) 2
for all ¢, € Ran P,({enw}).

e~lel (2.1.7)

(SULE) Semi-uniformly localized eigenfunctions: Let I C ¥gr and let {€, o nen be the enumeration
of the distinct eigenvalues of H,, in I. For every ¢ > 0, there exists a constant me > 0
and, for almost every w € Q, there exists a constant Ce,, < 00, such that if (¢n.w)neN
are the normalized eigenfunctions associated to the eigenvalues {€y o tnen in I, there exists
{%y0 }nen, such that for every n € N and z € Z¢, we have

Xa@nwl| < Cegemetoslonw) ¥ g=melo—zn.ul (2.1.8)
Moreover, the localization centers x, ., can be ordered in such a way that
|| > Con/ ™), (2.1.9)
for some finite constant C,, > 0, and v > d/4 as in property UGEE, see (2.2.8).
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2.1. The model and main results

(DFP) Decay of the Fermi projections: for E € Ygr and for any ¢ €]0, 1] we have

—lzl¢
sup B{[[ X+ Pol(~0, Exal3} < Conpe™1, (2.1.10)
UEZ

where the constant C¢ g is locally bounded in E.

Remark 2.1.4. The condition (2.1.5) is called the initial length scale estimate (ILSE) of the
Bootstrap MSA. In practice is often useful to prove the equivalent estimate [GK0J, Theorem
4.2]: For some 0 > d, we have

limsup inf P{Az(z) is (0, E)-suitable} = 1. (2.1.11)

L—oo xEZ4

Definition 2.1.5. The multiscale analysis region for H,, is defined as the set of energies where
we can perform the bootstrap MSA, i.e.

Yumsa ={F € R: H, satisfies a uniform Wegner estimate at F and
(ILSE) holds for some £ > Ly(E)}.

By Theorem 2.1.3, we have Y754 C Xg7-
We introduce the (lower) transport exponent in the annealed regime:

10g+ sup E(Mu,w (pa X? T))

X) = lim inf u 2.1.12
B(p, X) imin Dloa T , ( )

for p > 0, X € C(R), where log, t = max{0,logt}, and define the p-th local transport
exponent at the energy E, by

B(p.E)=inf sup B(p,X), (2.1.13)
ISE xecee (1)

where I denotes an open interval. The exponents [(p, E) provide a measure of the rate of
transport in wave packets with spectral support near . Since they are increasing in p, we define
the local (lower) transport exponent F(E) by

A(E) = lim 5(p, E) = f,‘i%ﬁ(p’ E). (2.1.14)

With the help of this transport rate we can define two complementary sets in the energy axis
for fixed B > 0, A > 0, the region of dynamical localization

EPL—(EeR: B(E) =0}, (2.1.15)

also called the trivial transport region (TT) in [GK04] and the region of dynamical delocalization
=PP —(EecR: B(E) >0}, (2.1.16)
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also called the weak metallic transport region (WMT), in [GK04]. Note that Yg; = =PF,

Recall that by Theorem 2.1.3, ¥3;54 C Yg7- Now, to show that these two sets are equivalents,
as in the ergodic setting, we aim to use the information on the dynamics of the operator, through
the transport exponent (3, plus the Wegner estimate, to obtain the uniform initial length scale
estimate (2.1.5). The following result is an improvement of [GK04, Theorem 2.11] for the non
ergodic setting,

Theorem 2.1.6. Let H, be a Schridinger operator satisfying a uniform Wegner estimate with
Hélder exponent s in an open interval J and assumptions (R), (IAD). Let X € CZ°(R) with

X =1 on some open interval J C J, « >0 and p > p(a, s) := 12% + 204%- If

1
liminf sup —E (M, ,(p, X, T)) < o0, (2.1.17)
T—o0 yega T 7

then J C Xprsa. In particular, it follows that (2.1.17) holds for any p > 0.

Moreover, we can extend this result to a quenched regime. Under the assumption that the
set of realizations for which the growth rate of the random moment as a function of T is faster
than polynomial has an asymptotically small probability, we can obtain the initial step to start
the Bootstrap MSA:

Theorem 2.1.7. Let H, be a Schridinger operator satisfying a uniform Wegner estimate with
Hélder exponent s in an open interval J and assumptions (R), (IAD). Let X € Cg< (R) with

X =1 on some open interval J C J, « >0 and p > p(a, s) := 15% + 204%- If

lim inf sup TaP(My . (p, X, T) > T%) =0, (2.1.18)
T—00 yc7d

then J C Xprsa. In particular, it follows that (2.1.18) holds for any p > 0.
If « > s/d, then Xpr, C X954, and we retrieve a transport behavior analogous to that of
the annealed regime.

Next, we consider the case where only weak versions of the Wegner estimate hold (see [DS01,
vDK89, BoK05]):

Definition 2.1.8. We say the random operator H, satisfies a (polynomially) weak Wegner
estimate in an open interval I with parameters n € (0,1) and ¢ > 0, if for every energy E € I
and there exists a length scale Ly € 6N, such that for L > L

P (dist(E, 0wqr) <e X)) < L7, (2.1.19)
uniformly with respect to x.
In the case of an Anderson potential, where the single-site probability distribution is u, we

define the the global modulus of continuity of as s(u,€) = supger p([E — €, E + €]). We say p is
log-Holder continuous of parameter v > 0 if for some ¢, > 0 and € € (0,1) we have

<

S(lu” 6) — |10g€|y‘

The following result links this kind of measures with optimal and weak Wegner estimates [GHV08,
Lemma 13]
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Lemma 2.1.9 (|GHVO08|). Let H, be a random Schriodinger operator and Iy C R a bounded
interval. Assume that there exists constants Qw, Lo such that for every e > 0 and L > Ly an
optimal Wegner estimate holds

E(tr Py r([E — €, E+€])) < Qws(u,e). (2.1.20)

If the measure p is log-Hélder continuous with parameter v > %i, then H,, satisfies a weak

Wegner estimate with parameters n,q > 0 in Iy for all L > Ly, where L1 = max{Ly, (chu)l/‘;}
and 0 :=vn—q—d > 0.

To describe the dynamics of the system, for o > 0, ¢ € (0, 1) we define the (o, {)-subexponential
random moment at time ¢ for the time evolution in the Hilbert-Schmidt norm, initially spatially
localized in a cube of side one around u € Z? and localized in energy by a function X € Co% (R)

TIX—ulé —i
M,u(0,¢, X, t) = [le2 Xl emitHo 3 (| )y, ||2. (2.1.21)

Define its time average as

2 [e.e]
Muo(,¢, X, T) = = / e 2T M, (0, ¢, X, t)dt. (2.1.22)
0
Definition 2.1.10. Analogously to the definition of the strong insulator region, define the region
of sub-exponential dynamical localization as

YsEpL = {E e€l: supE <supMu7w(a,C,X,t)> < oo for some o > 0,¢ € (0, 1)} . (2.1.23)
u€Z? teR

We adapt Theorem 2.1.6 (see also [GK04, Theorem 2.11|) to the weak Wegner estimate as
follows:

Theorem 2.1.11. Let H,, be a Schrodinger operator as defined above, satisfying a weak Wegner
estimate in an open interval J with parameters n € (0,1), and ¢ > 0. Let X € C'éﬂ(R) with
X =1 on some open interval J C J, a >0, and take { >n and o > 0. If

1
liminf sup —2E (Myu(0, ¢ X, T)) < oo, (2.1.24)

T—o00 ueZd

then J C Xprsa. In particular, Xsppr, C XpsA-

However, the transport characterization does not hold under these assumptions, since the
MSA with a polynomially weak Wegner estimate yields polynomial, yet not sub-exponential,
dynamical localization.

In dimension d = 1, for singular measures whose support is not concentrated in a single point,
for example Bernoulli measures, one can prove the following (exponentially) weak form of the
Wegner estimate [CKM87, KLS90, DSS02] : for every n € (0,1), o > 0, there exists Ly € N and
a > 0 such that

P (dist(E, 0w qr) < e 7X") < emol” (2.1.25)

for every £ € I and L > Ly.

The Bootstrap MSA can still be performed with this Wegner estimate, yielding sub-exponential
decay of the operator kernel and in the same lines of proof of the previous theorem one can prove
the equivalence Xys54 = X sEDI.
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Chapter 2. Characterization of the Anderson transition

2.2 The Multiscale Analysis for the non-ergodic setting: Proof of
Theorem 2.1.3

We recall some properties the operator H,, ; 7, must satisfy, among others, to perform the Boot-
strap MSA [GKO01, GKO04]:

(SLI) The Simon—Lieb inequality: For any compact interval I C CI, there exists a finite constant
~r1 such that, given lengthscales L,[,I’ € 2N, and points z,vy, z € Z%¢ with

Ap(y) C N—s(z) C Ap—s(z), (2.2.1)
then, for a.e. we Q,of E€l and E ¢ 0(H, »,1) Uo(H, ), we have

HF:B,LRw,z,L(E) Xyl H < 7]‘|Fz,lRw,z,l(E) Xy,l! H HF:B,LRw,z,L(E) Fz,l”- (222)

(EDI) The eigenfunction decay inequality: for any compact interval I C CI, there exists a finite
constant 47 such that for a.e. w € 2, given a generalized eigenfunction ¢ of H, with
generalized eigenvalue E € J, for any x € Z? and L € 2N with E ¢ o(H, 1), we have

Xz ol < A1lT, LR 2, L (E)Xa || [T, - (2.2.3)
A consequence that will be of use is that for y € suppI'; 1,

el < 31 Lo, L R, L (E)Xa |l Xyl (2.2.4)

(NE) For any compact interval I C CI there exists a finite constant C7 such that, for all 2 € Z¢
and L € 2N,
E{tr P, (1)} < C;L% (2.2.5)

2.2.1 Generalized eigenfunction expansion

In order to proof Theorem 2.1.3 we have to construct a generalized eigenfunction expansion
adapted to the non ergodic case. Compared to [GKO01, Section 2.3] we shall use a family of
weighted spaces rather than just one in particular, using translations in u € Z? of the operator
T defined there and thus without using translation invariance in the proofs.

Let T, be the operator in H given by multiplication by the function (1 4 |z — u|?)”, where
v >d/4, u € Z%. We define the weighted spaces HY% as

HY = L*(RY, (1 + |o — u)?)*™dz; C). (2.2.6)

The sesquilinear form

(D1, P2)mu v = /¢1¢2 dr  for ¢y € HY |, g2 € HY

makes HY and H" conjugates dual to each other and we denote by { the conjugation with respect
to this duality. The natural injections /4 : HY — H and * : H — H" are continuous with
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2.2. The Multiscale Analysis for the non-ergodic setting: Proof of Theorem 2.1.3

dense range, with (ﬁ)Jr = *. The operators T;, 4+ : H{ — H and T,,— : H — H" defined by
Tu+ =Ty, Ty~ =T, on D(T,) are unitary with T;, — = TJ,+' Note that

Ll = IXe.Lllre 7 < Cran(l+ |z —uf?)”, (2.2.7)
for all z € R% and L > 0.

With this redefinition we can follow |[GKO1], restating assumption GEE for non ergodic
operators. We consider a fixed open interval Z and we recall that P,(J) = xj(H,) is the
spectral projection of the operator H,, on a Borel set J C R.

(UGEE) For some v > d/4, the set DY = {¢ € D(H,) " HY : H,¢ € HY} is dense in Hy and
an operator core for H, for P—a.e. w and all u. There exists a bounded function f, strictly
positive on the spectrum of H,, such that, }

sup try (TJlf(Hw)Pw(I)T_l) < 00, (2.2.8)

u

for P—a.e. w.

If UGEE holds, for almost every w and all u we have

try (T, 'Po(J NI)T, ) < o0, (2.2.9)

for all bounded sets J. Thus with probability one, for all u

fuw(J) = tra (T, P (I NI, (2.2.10)

is a spectral measure for the restriction of H,, to the Hilbert space P,,(Z)H, and for every bounded
set J,
Puw(J) < o00. (2.2.11)

Then, we have a generalized eigenfunction expansion as in [GKO01, Section 2|: for every u,

there exists a fi,,-locally integrable function P, ,(\) from R into 7; (H't, H" ), the space of trace
class operators from HY{ to H", with

Puu(d) = Puo(V)f (2.2.12)
and . .
tr g (TJEP%W()\)TJD =1 for pryw-ac. A, (2.2.13)
such that
P(JNI)Y = / P, (N dp,o(A)  for bounded Borel sets J, (2.2.14)
J

where the integral is the Bochner integral of 7;(H!, H" )-valued functions.

The following (a restatement of assumption SGEE), is a stronger version of UGEE:
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(USGEE) We have that UGEE holds with

u

supE ([tr ¢ (T, ' f(Ho) P (T)T, 1)]?) < cc. (2.2.15)
So for every bounded set J,

sup E(puy o (J)?) < oo. (2.2.16)

2.2.2 Kernel Decay and Dynamical Localization

Following the arguments in [GKO01]| for ergodic operators, we can show that HS-strong dynamical
localization is a consequence of the applicability of the Bootstrap MSA for the non ergodic setting
(|[GKO01, Theorem 3.4] with the stronger initial ILSE (2.1.5) instead of the original one).

We can restate Lemma 2.5 and Lemma 4.1 [GKO01] as follows, extending the proofs to our
new definitions,

Lemma 2.2.1. Let H,, be a random operator satisfying assumption GEE. We have with proba-
bility one, for all u, that for i, -almost every A,

PNl < O+ o —u2) (1 + [y —uf2)”, (2.217)
for all z,y € RY, with C a finite constant independent of \,w and .

Suppose, moreover, that assumption EDI in [GKO01] is satisfied in some compact interval
Iy CZI. GivenI C Iy, m>0,Le6N andz,ycZ ifwec Rm,L,I,x,y), with R(m,L,I,z,7)
defined as in (2.2.23), then

P Ry ll2 < Ce™ 41+ 2 — a2 (1 + |y — uf>)”, (2.2.18)

Jor piy .-almost all Nel, withC = C(m,d,v,71,), where 7z, is the constant on assumption EDI.

Proof of Theorem 2.1.3. To apply the MSA in the non ergodic case we first need to verify for
an operator satisfying only properties R, TAD and UWE, the standard assumptions SLI, EDI
[GKO1], plus NE and USGEE, which are stronger assumptions than those stated in the mentioned
article.

As for SLI and EDI, these are deterministic assumptions that hold for each w € € and their
proof, done in [GK04, Appendix A], relies on property R, with no use of ergodicity. In the
same appendix we see that assumption NE is uniform on cubes centered in z € R? and relies on
property R so it holds in our more general setting. The same is true for [GK04, Lemma A.3|,
and can be extended in an analog way to the case Hy = Hp [BGKS05, Section 2.1], proving the
first part of USGEE (and UGEE).

As for the trace estimate (2.2.15) , for the case Hy = —A it follows from [GK04, Lemma A 4]
and [KKS02, Theorem 1.1], taking V = (X — u)~2" there, the result being uniform in u. It can
be extended to the case Hy = Hp as in [BGKS05, Proposition 2.1].
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2.2. The Multiscale Analysis for the non-ergodic setting: Proof of Theorem 2.1.3

To obtain the basic result of MSA [GKO01, Theorem 3.4] we need conditions TAD, SLI, NE
and UWE to follow an analog iteration procedure. Recall that in their article, Germinet and
Klein take two versions of MSA by Figotin and Klein, improve their estimates yielding other two
MSA and then bootstrapping them to obtain the strongest result out of the weakest hypothesis,
so in order to extend this results to the non ergodic setting we reformulate this methods. Each
step consists of a purely geometric deterministic part where we use SLI, and therefore it does
not depend on the placement of the boxes were we perform the procedure, and a probabilistic
part, where we use UWE instead of WE to obtain an estimate on the probability of having bad
events, in a stronger sense than the usual, that is, uniform with respect to the placement of the
box in space.

We begin with the single energy multiscale analyses, Theorems 5.1 and 5.6 [GKO01], which in
our non-ergodic setting consists in estimating the decay of

DL = Sup Py L, (2.2.19)
z€Zd
where
pe,r = P{Ar(x) is bad} (2.2.20)

(here a box is bad if it is not (6, E)-suitable for H,). In the ergodic case we need only to consider
po,r.- Hypothesis (2.1.5) ensures we can follow the same iteration procedure in all boxes centered
in z € Z%, where po,r is thus replaced by pr. We use properties SLI and UWE instead of WE,
and the deterministic arguments remain the same, since they do not depend on the location of
the box. Considering a Holder exponent s in WE implies that the choice of the initial length
scale will also depend on s.

Next we consider the energy interval multiscale analyses, Theorems 5.2 and 5.7 [GKO01], which
in our general setting consists in estimating

pL = sup ﬁx,y,L7 (2221)
z,yezd
lz—y|>L+e
with
ﬁxvva = P{R(m7L7I(5O)7$7y)C}7 (2222)

where I(d9) = [E — 6o, E + o], for some 6y > 0 and

R(m,L,1(dy),2,y) = {w: for every E € I(dy), Ar(x) or Ar(y) is good} (2.2.23)

(here a box is good if it is (m, E)-regular for H,, with m to be specified later). In the ergodic
case it suffices to consider p,, . We can thus follow the original iteration procedure on this
estimate, replacing ps , 1 by pr, obtaining an analog of [GKO01, Eq. 3.4], i.e., there exists dy > 0
such that given any ¢, 0 < ¢ < 1 there is a length scale Ly < oo and a mass m¢ = m((, Lg) > 0
such that if we set Lyy1 = [Len, 0 < a < (71 )k =0,1,2,... we have
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inf  P{R(mg, Ly, [(80),z,y)} > 1~ e L. (2.2.24)
\xf’yyy\izjﬁ-e

To derive results on the spectrum and the dynamics of the operator from this estimate we
need to consider also conditions EDI and USGEE. Thus, with Lemma 2.2.1 in hand, (2.2.24)
and USGEE we can follow the proof of [GK01, Theorem 3.8] with minor modifications. We want
to show that if (2.2.24) holds we have that for any 0 < ¢ < 1, there is a finite constant C¢ such
that

sup £ <||j‘1||l<pl HXx-i—uf(Hw)Pw(I(éO))XuH%) < CC67|I|<7 (2-2-25)

For this, we consider the pair of points x,y as the pair « + u, u, and fix z € Z¢ and k such that
Li41+ 0> |x| > L+ 0. We split the expectation in (2.2.25) in two parts: the first one over the
set R(mg¢, Ly, I(60), x 4+ u,u) and the second one over its complement, which has probability less

than e’Li, uniformly in u, by (2.2.24). We follow the arguments in [GKO01, Eq. 4.8-4.13]. By
(2.2.14) and Lemma 2.2.1 we can write, for a positive constant C,

_ 768
”?”151 HXx-i—uf(Hw)Pw(1(50))XuH2 < Cle Lkﬂu,w(I)- (2-2-26)

This implies,

supE (llillllgl X+ f (Ho) P (1(80)) Xull3; R(mc, L, 1(00), x + u, u))

< OF supE{ (s (1(00))) e, (22.27)

As for the expectation over R(m¢, Ly, 1(0o), x + u,u)¢, (2.2.24) implies that

supP(R(m¢, L, I(00), v + u,u)) < e*Li,
u

this yields,

supE <”§01”11<31 X+t (Ho) P (1(80))Xull3; R(mc, Ly, 1(%), x + u, u)c>

< 4 sup E{ (uw(1(80)))?} 5o 354, (2.2.28)
where we use the fact that by (2.2.10) we can write

e (o) Pu(TG0))xall} < 1121 P (T G0)Xall3 < C I 10150 (2.2.29)
Combining (2.2.27) and (2.2.28), using USGEE we obtain the desired decay, namely (2.2.25).

Now we can prove a strong version of dynamical localization as in [GKO01, Corollary 3.10].
Notice that, if p > 2
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(X —uy? = (1+ly = ull)xa(y) < Ca Y 1+ [lo —ulP)PPxa(y)

xC€Z4 reZd

= Ca Y (L+ )Xo ruly), (2.2.30)

xE€Z4

so we have,

(X — )P/ F(HL) Po(1(60))xull3
=t [ (H) P (1(50))(X — u)P Pu(I(80)) f (HLo) X
< Ca S (14 [l2?)P/?r [ f (Ho) P (1(50)) Xt P (1(50)) f (o) Xal

xC€Z4

=Cu Z (1 + HxH2)p/2||Xz+uf(Hw)Pw(I(50))Xu||g- (2.2.31)

xE€7Z4

Taking the expectation and then the supremum over v € Z2, by (2.2.25) we obtain strong
HS-dynamical localization in the energy interval I(dp).

Following the proof of [GK06, Corollary 3], after adapting [GK06, Theorem 1] to our setting
we obtain the summable uniform decay of eigenfunction correlations SUDEC. As for property
DFP, it is a consequence of (2.2.25) combined with [BGK04, Theorem 1.4], which is a deter-
ministic result also valid in our setting, in the lines of [GK06, Theorem 3|. The proof of SULE
follows in the same lines as [GK01, Theorem 3.11], as a consequence of (2.2.24) and UGEE.

O

2.3 The weak metallic transport region: Proofs of Theorems 2.1.6
and 2.1.7

Here we can proceed as in [GKO04]. First we state the following Lemma, which is an intermediate
result in the proof of [GK04, Lemma 6.4], adapted to the UWE with Holder exponent s. We
consider a cube Ay (z) with arbitrary x so we omit it from the notation.

Lemma 2.3.1. Let H,, be a random Schridinger operator satisfying a uniform Wegner estimate
i an open interval I, with Wegner constant Qw and Hélder exponent s. Let pg > 0 and v > d.
For each E € T, there exists L = L(d, E,Qw,~,po,s) bounded on compact subsets of T, such
that, given L € 2N with L > L, and subsets By and Bs of Ap(not necessarily disjoint) with
By C AL_5/2 and A1\ Ap_3 C Ba, then for each a >0 and 0 < € < 1 we have

a

. a .
P (IxaRu(B+ioxle > T) <P (xRl +iOxll > 75) + 52

2.3.1
4 L 10’ (23.1)

and
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a . a
P (IxaFur(BE)xille > 5) < P (IxeRu(E +ie)xa] > 5)
4de s/2
L+ 2.3.2
row () pte (2:32)
where x; stands for xp,, 1 = 1,2.

Proof of Theorem 2.1.6. By the same arguments used in [GK04, Theorem 4.2], it suffices to show
that, under condition (2.1.18), for each E € J there is some 6 > d/s such that

1
lim su 1nf P{ |y, LR < =] =1, 2.3.3

i.e. the starting condition for the bootstrap MSA, (2.1.5), in its strong version, holds at some
finite scale L > Ly(F).

Let E€J,0>d/s and L € 6N. We start by estimating

1
PE,L :=suplP <||Fy,LRw,y,L(E)Xy,L/3||y,L > ﬁ) . (2.3.4)
Y

We decompose as in [GK04, Eq. 6.26-6.28], using

Xy,L = Xy,2L/3 t Xy,L\2L/3 where Xy,I\2L/3 = Xy,AL\Aop /3

o (for simplicity we omit the subscript y from the norm)

1
Pg 1 < sgp]P’ <4L9 < |Ty,rRu,n(E +i€)x,, L/3”L> (2.3.5)
1
P (575 < R (B + 10Ty Ren(Bynl (23.6)
1 .
#suP (177 < AR (B lyar s Ron B+ iasl) . (230
Yy

To estimate the first term we use (2.3.1) with a = L™%. As for the rest, we use (2.3.2) and
(2.3.1), respectively, with a = 1, plus the uniform Wegner estimate. We obtain

Pgp < SUPP <L9+’Y < ‘|Fy,LRw(E+iE)Xy,L/3||> (2.3.8)
1 .
¥ supu»( < TR + 0,210 ) (23.9)
1 .
+ s (75 < el B + il (2:3.10)

3po

+ Q[(4E)s/2Ld+2Q sL¢98+d+ o

(2.3.11)
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for L > £, with £ as in Lemma 2.3.1, where v > d/s,0 < e < 1,0 < pp < 1 and Q7 = sup Qw <
Eel
oo (recall the Wegner constant Qw in (2.1.2) depends on E). Set

o\ MOt
L=1L(Ie) := [(20Q165> ] , (2.3.12)

6N

so that » Po
4 s/ZLd < ro 9 sL05+d )
Q@r(de) Sqp and 2@ =70

We first estimate,

1
sgpIP’ <L9+7 < |ITy, R (E + i€)x,, L/3”> (2.3.13)

To do this, we decompose the norm using the function X(H,,) that localizes in energy , yielding

1
sgp[?’ <2L9+V < || Ty, L Ru(E + ’LE)X(HW)X%L/3H> (2.3.14)

1
—i—sgp]P’ ( 105 < Ty LR (E +i€)(1 — X(Hw))X%L/gH) . (2.3.15)

For the second term we use Chebyshev’s inequality and follow [GK04, Eq. 6.32 - 6.34], so we
can bound it by pg/12.

Estimating in the same way the terms (2.3.9) and (2.3.10) we obtain that for L big enough,

1
Pg 1, gsgpIP’ <2L9+7 <||Ty, L Ru(E + ze)X(Hw)X%L/gH) (2.3.16)
1
#supP (g7 < 0y LRAE +OX(H) 10 (2317)
v
1 3p0
+supl { o <Xy, pnar 3R (B + €)X (Ho)xy,ysll ) + = (2.3.18)
v

As for the first term,

1
P 5z < ITusulE + 02X (H 001 )

< 2LYE (|Ty, L Ro(E +i€) X (Hu)xy.13]) (2.3.19)
<207 N E(|Ty,LRu(E +ie) X (Hy)xull) (2.3.20)
u€h,/3(y)

For any u fixed, given a compact subinterval I C J and M > 0 we set :

Auntre={E €1+ E(J(X —u)PPRu(E +i0X(Ho)xu[3) < M4V}
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Chapter 2. Characterization of the Anderson transition

We have, taking T = ¢! and using [GK04, Lemma 6.3]

1
A - E X — p/2 . 2
I\ Aunrrel < Me—(a+1) /R <||< )P’ "Ry, (E ZE)X(Hw)Xu‘b) dE

21 o _
— et [ (0 = e R () ) d
0

< SUPE(Mu,w(p’X,T)) :

s
MT ",
(2.3.21)

Remark 2.3.2. Notice that the analogous sets Ay ar in the proof [GK04, Theorem 2.11] do not
work in the non ergodic setting, so we need to consider a family of sets Ay p1.e, indeved by u.

By hypothesis (2.1.17) we can pick a sequence T}, — oo such that for k big enough, we have
supE (M, o (p, X, Ty)) < CTy, then for the corresponding sequence e — 01 we have
u

C
I\ Ay 1., < U (2.3.22)
Notice that this bound is uniform in u.
Thus, for an E € [ fixed and ¢, = Tk_l, either &' € A, 1 e, in which case we have,
E (ITy,z, B (B + €)X (Ho ) Xull)
< Cpaly " (X = w2 R (B + ie) X (o) a2
_ , 1/2

< Cyalsy ™5 (X — 2R (B + i) X (Ho )l 3)
< CpaLi PP M2, D2 (2.3.23)

where we write Ly, = L(I, ), or else, E € I\ Ay a.1,¢,, 50 by (2.3.22) there exists Ey, € Ay 1 M,
such that

C
‘E_EU‘SM

and so, by the resolvent identity and the definition of A, az 1.,

E(ITy L, Bo(E + ier) X (Ho)Xull) < E(ITy, L, Ro(Bu + ier) X (Ho)xul)
+ |E = Eu|E (| R (E + iex) ||| R (Eu + iex ) )
c

< CpaL PP M V26 T2 IPEL (2.3.24)
k

Therefore,
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1 .
P <2LT+7 < ||Ty, L, R (E + Zek)X(Hw)Xy,Lk/3”> (2.3.25)
k

< Czl) dLZ+wfp/2+dM1/2E];(a+1)

)

(2.3.26)

The remaining terms (2.3.17) and (2.3.18) are estimated in the same way, using the fact
that dist(Ar_1 \ Ar_3,A2) > % - % and dist(AL\@,A%) > %. For these terms we obtain an
3 3 3
estimate as (2.3.25) with constants C’;}S?,ng) and C’II)(,‘Z), C’;}I’S’), respectively, and with no 6 in
the exponent of L. Denote by C), 4 the maximal constant, and since LY < L%*7, the estimate on
(2.3.25) using C,, ¢ will imply the same estimate on (2.3.17) and on (2.3.18).

Now, for p such that p > p'(a, s) = a% + 12%, we can find 6, > d/s for which

p>50+3y+2d+ (a+1)(0s+d)/s, (2.3.27)
so if we set
0
M =L (2.3.28)
and recall
—(a+1)/2 a+1)(0s+d)/2s — —2(0s+d)/s
Ek( 2= Cpo,Qle(c U/ ) €k2 - I/)O,QILk ot/ : (2.3.29)

we obtain, for k£ big enough depending on d, I, p,«, 6,7, s,po, Qr,

Cb LU PRHAN 26 (00D < g 94 (2.3.30)
and
Lz+v+d
1
Cpa e < po/24, (2.3.31)

so there exists a sequence Lj — oo such that for k& big enough,

Po

. 2.3.32
D (2.3.32)

1 .
2 <—2L9+W < HFy,Lka(E—i—zek)/l’(Hw)X%Lk/gH) <
k

The same argument shows that the terms (2.3.17) and (2.3.18) are smaller than pg/12, for k big
enough.

Inserting this in (2.3.16)-(2.3.18) we see that

) 1
lim sup sup P <—9 < Hry,Lka,y,Lk(E)Xy,Lk/?;”Lk) < po, (2.3.33)
k—oo Yy Lk
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Chapter 2. Characterization of the Anderson transition

Since 0 < pg < 1 is arbitrary, we conclude that (2.3.3) holds for each E € I.
]

Proof of Theorem 2.1.7. From equation (2.3.3) to equation (2.3.18) the previous proof remains
valid in the current setting. We will only estimate (2.3.16), since the remaining terms (2.3.17)
and (2.3.18) can be estimated in the same way. Notice that

1 .
P <—2L0+w < |ITy. LR (E + ze)X(Hw)Xy7L/3”>

<P W < Z ||Fy,LRw(E + Z'E)X(Hw)XuH
u€Ap/3(y)
1 .
< > P spora < Ty Bo(E +ie) X (Ho)xull ) - (2.3.34)

u€h,/3(y)

To estimate the r.h.s of the last inequality, the following following lemma is crucial,

Lemma 2.3.3. There exists L = L(I,p,0,v,d,,s,po, Q1) such that for any u € AL/g(y) with
L=1L(I,¢) asin (2.3.12), L > L and E € I fized, if

(0s + d)

S

d
p>p(0,y,d,a,s) =« + 96 + 3y +2d + —, (2.3.35)
s

then, for T = e 1,

. 1 o
{w : ||Fy,LRw(E + ZE)X(HM)XUH > W} C {w : /\/lww(p,X,T) >T } (2336)

Now, if p > p(a, s) := 15% + 2ag, then there exist 6,y > d/s such that p > p(0,v,d,a,s) >
p(a, s) so Lemma 2.3.3 holds yielding, for L = L(I,¢) as in (2.3.12) big enough,

1 .
P (—QLM < |ITy.LRu(E + ze)X(Hw)nyL/tgH)

< Cpo0, T2 sSup P(My o (p, X, T) > T, (2.3.37)

where C,, o, comes from L% = C,, o, T2, by (2.3.12).
By hypothesis (2.1.18), we can pick a sequence Ty, — oo such that for k& big enough
T2 sup P(My o (p, X, T),) > T¢) < po/12. (2.3.38)
u
In an analogous way we can estimate (2.3.17) and (2.3.18). It follows that for all E' € I we have
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. 1
lim sup sup P <—€ < Hry,Lka,y,Lk(E)Xy,Lk/?;HLk) < po. (2.3.39)
k—oo ¥ Lk

Since 0 < pg < 1 is arbitrary, we conclude that (2.3.3) holds for each E € I.
O

Proof of Lemma 2.8.8 . Let w € {w: My (p,X,T) <T*}. For a given compact subinterval
ICcJ,M>0and L=L(e ) asin (2.3.12), we set

At ={E € T+ (X = w2 Ru(E +ie)X(Ho)xall} < Me @D},
We have, using [GK04, Lemma 6.3]

11\ Auw,nmr 1] < ﬁ /R (X — w)P/2Ry(E + i) X (H,)xull3dE
— ey [ eI — e (v B
MTe+1 wiAull2
= ﬁMu,w(p,X,T)
< - (2.3.40)
where the last bound is uniform on » and w.

Thus, for an E € I fixed either E € A, pr,r in which case we have

Py R + i€) X (Ho)xull < Cpal PP([(X — u)"?Ro(E + i€) X (Hop)xul2
< Cp7dL*p/2M1/2€*(a+1)/2 (2.3.41)

or else, E € I\ Ay 1, s0 by (2.3.40) there exists Ey ., € Ay o m,1 such that
T

M

and therefore, by the resolvent identity and the definition of Ay . a1,

’E - Eu,w‘ S

1Ty L Ru(E + )X (H)Xull < Ty L Rol(Buo + i) X () x|
+|E = Byl |[Ro(E + ie) || Rl Bu + i6)|

—p/2as1/2 —(at1)/2 T
< Cp gL PPMY2e (0t /2 R (2.3.42)
Now, for p such that p > p(6,~,d, a, s) we have
20+~v+d) <p—60 —y—(1+a)(@s+d)/s, (2.3.43)
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Chapter 2. Characterization of the Anderson transition

so if we set
M = L%+, (2.3.44)

and recall
—(1+a)/2 _ CmeIL(lJra)(@erd)/?s’ (2.3.45)

we obtain, for L big enough depending on d, I, p, a, 0,7, s, po, @71,

Cp’dep/2M1/2€f(a+1)/2 _ Cp’d7QI’pOLf(p/2f(69+"/)/2f(1+a)(03+d)/2s)
1
and
T - L6«9+2’yf2(93+d)/s < 1 (2 3 47)
ME2 P0,Q1 4L(0+,y+d) . ..

Inserting this in (2.3.42) proves the lemma.

2.4 The case of a weak Wegner estimate: Proof of Theorem 2.1.11

Proof of Theorem 2.1.11. For the polynomial weak Wegner estimate (2.1.19), in order to start
the MSA we need a different ILSE than (2.1.5) (see eq. 5.7, Theorem 5.6 in [GKO01]). It is enough
to show that, for each E € J there is some 6 > 7 such that for Ly big enough

. . 7L0 i
lim sup ylélzfd (HFy,LRw,y,L(E)Xy,L/s||y,L <e ) >1- 7 (24.1)

Let E € J,0 >dand L € 6N. We proceed as in [GK04] and we start by estimating

_706
sup Ppy 1 := sup P <IIFy,LRw,y,L(E)Xy,L/sHy,L >et ) ; (24.2)
yeZ4 y€eZ4

By adapting the proof of [GK04, Lemma 6.3] (see Lemma 2.3.1) to the weak Wegner estimate
we obtain the following lemma

Lemma 2.4.1. Let H, be a Schrodinger operator as stated above, satisfying a weak Wegner
estimate on an open interval J. For E € J and pg > 0. there exists L = L(pg, d, E,q,6,n), such
that for L > L, and taking

e=e 3L, (2.4.3)

we have

—3L°8

2

(&

_r° .
P (ITy 1Rt (B)xy sl > e 2) <P <|rry,LRw<E+ze>xy7L/3u > >+2p0- (2.4.4)
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2.4. The case of a weak Wegner estimate: Proof of Theorem 2.1.11

To estimate the sup, of the r.h.s. of (2.4.4) we decompose in energy using a cutoff function
X € O (R) such that X =1 on J, we are left with the sum

e—3L° '
sup P ( T < [Ty, L Ru(E +i€) X (Hy)xy, /3]l (2.4.5)
Y

e—3L° .
+supP (T < || Ty, L Ro(E +ie)(1 — X(Hw))xy7L/3H> . (2.4.6)
y

Using Chebyshev’s inequality we can estimate (2.4.6) by

8 . 0
4 E (T L R (B + i€)(1 — X(Ho))xysl) = 46X B (g1 foeHo)xyopsll) ,  (247)

where

Foe(u) = (u—(E +ie)™))(1 — X(u)) (2.4.8)

is a bounded, infinitely differentiable function on the real line (see [GK04]). Moreover, choos-
ing X conveniently, fg . is of weighted Gevrey-class G{(R), with a arbitrarily close to 1, and
by results on the subexponential decay of Gevrey-type functions of Schrédinger operators in
[BGKO04, Theorem 1.4-(i)], for each a’ with a’ > a there exist constants C; and ¢y depending
only on the function fg . such that P-a.e

Xy fE.c(Ho)Xell < Cre=l=91"" " for all 2,y € R% (2.4.9)

Choosing a’ conveniently, plus the fact that dist(Yy ,A, 1/3) = é - % we get that for L big
enough, depending on 6, C1, ¢s, po,

0
sup4e*" B (|1 fe.c(Ho)Xy,3]) < po (2.4.10)
Yy
This yields,
0 .
Ppy.p < 4B (|0 L Ro(E +i€) X (Hy)xy,z3]) + 3po (2.4.11)
<4 " B (T pRo(E + i) X (Ho)xul) + 3po (2.4.12)
ueAy’L/g,
(2.4.13)

Now, [GK04, Prop. 6.1] applied to the subexponential moment gives
1 2| X —ul¢ 1 2
Mu(0, ¢, X,T) = — [ E[ |5 Ro(E +i—)X(Hy)xu|?) dE (2.4.14)
7l R T

So the condition on the growth of the subexponential moment :

1
lim inf - E (Mu,(0,¢, X,T)) < oo, (2.4.15)
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Chapter 2. Characterization of the Anderson transition

implies, by 2.4.14, that there exists a sequence ¢, — 0% and a constant C' > 0 such that

eotl / E (He%lX*“‘CRw(E + iek)X(Hw)XuH%> dE < C. (2.4.16)
R

We define the set Ay, ar,1 by

Apurts = {E el: E (\|e%|x_“‘<Rw(E + z'ek)X(Hw)XuH%) < Me,;(o‘“)} . (2.4.17)

By (2.4.16) we have that , uniformly in u ,

C

1IN\ Apuara| < 7 (2.4.18)

Thus, for E € [ fixed, either E € Ay, a7 in which case we have (for simplicity, in the following
we write L = L, € = €)

6 .
4" B (I0y, LR (E + €)X (Ho)xull) <
< 4eHE ([T, pe SN E N R (B 4 i) X (Ho)val )

o(L

¢ o
<4e’ S OVE (e R (B + i) X (Ho)xala)

o (LS o 1/2
< 4?3V (SN Ry (B + i) X (Ho)xul3)
< 43 =5 (5)° pp/2e—(atn), (2.4.19)
(2.4.20)
or else, ' € I\ Ay .1, 50 by (2.4.18) there exists E, € Ay 1,1, such that
v
|E — E,| < Vi
and so, by the resolvent identity and the definition of Ay ., ar 1,
7 .
463 E (T LRy (B + €)X (Hy) xull) (2.4.21)
6 .
< 4PV E(||Ty 1 Ro(By +i€) X (Ho)xul) +
|E — Eu[E ([|[Ro, (E + ie€|[| R (Ey + d€)]])
< 435 (5) pp/2e(orn) 4 T (2.4.22)
- Me?
(2.4.23)
Therefore,
0
4 1 s00-2(L) /2 —(14ay2 , 2m LT
Pryp < ggLt 5(2)" p1/2e=(1+a)/ R v (2.4.24)
(2.4.25)
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By choosing
M = eOFatDL? (2.4.26)

and recalling (2.4.3), this immediately yields that the second term in the r.h.s. is smaller than
po for L big enough depending on 0, pg,d, a. As for the remaining term,

4 (2n\'? —2 (L) (3+3+2(a+1))L?
@ y L% 2\1) ¢ 2 (2.4.27)
if { > 0, any ¢ > 0 will give a subexponential decay for L big enough depending on 6,d, o, , pg.
By assuming ¢ > n we can always find such 6, with 8 > 7.

We have proved there exists £ = £(0, po,d,(,n,«,0, E, q) such that for L > £ we have

sup Pr 4.1, < 5po. (2.4.28)
Y

Since pg is arbitrary, we get the desired result. U

Remark 2.4.2. In the case of the exponentially weak Wegner estimate, valid in d = 1, in order to
start the Bootstrap MSA the probability in the r.h.s. of 2.4.1 needs to be > 1 — e~ Lo (see [GKO1,
eq. 5.9] and Remark 3.13 therein). The proof of Theorem 2.1.11 for this case follows in the
same way as for the polynomial Wegner estimate, with some minor modifications, yielding sub-
exponential decay of probabilities of bad events. Therefore, in this case, we have the equivalence
YSEDL = XMSA-
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Chapter 3

Delone—-Anderson Operators I: The
magnetic case
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3.1 The model and main result

In this chapter, we study a particular non-ergodic model, that represents a particle moving
in dimension 2 under the influence of a constant magnetic field in a random medium, where
impurities, or obstacles, are centered in points of a Delone set. If the Delone set is periodic, we
retrieve the standard (ergodic) Anderson operator. In this section we introduce the model and
in the following section we prove it satisfies a uniform Wegner estimate. In the last section we
prove it also satisfies an initial length scale estimate. Then, by applying results from Chapter
2, we show the existence of a metal-insulator transition in each Landau band, as expected from
the ergodic case. The existence of a mobility edge is the result of complementary spectral
regions of dynamical localization and delocalization. We end our study by proving that these
results are not trivial, that is, we prove the almost sure existence of spectrum in the regions
where we prove dynamical localization. More precisely, we prove that if the spectrum of the
operator has spectral gaps, they cannot be larger than B~1/2, where B is the intensity of the
magnetic field. Sections 3.2 and 3.3 are contained in the article "Characterization of the Anderson
metal-insulator transition for non ergodic operators and application” published in Annales Henri
Poincaré [RM12]. These results were announced in [GRM11].

Definition 3.1.1. A subset D of R? is called an (r,R)-Delone set if it is
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Chapter 3. Delone—Anderson Operators I

e uniformly discrete: there exist a real » > 0 such that for any cube A,, (D N A,) <1, and

e relatively dense: there exists a real R > r > 0 such that for any cube Ag, (D NARr) > 1,

where f stands for cardinality.

Remark 3.1.2. Note that in a (r, R)-Delone set there exists a minimal distance between any two
points, r/2, and a mazimal distance between neighbors, VAR. Lattices and the set of vertices of
a Penrose tiling are particular cases of Delone sets (see Fig. 1.1.

We consider a random magnetic Schrédinger operator of the form H, = Hpg+ AV, on L?(R?).
The background Landau Hamiltonian Hp is defined by

B
Hp = (—zV — A)2 with A = 5(1‘2, —.%'1)7 (311)

where A is the vector potential, the constant B > 0 is the strength of the magnetic field, and
the random potential represents impurities placed in a Delone set, that is,

Vo(z) = wyu(z =), (3.1.2)

~y€D
We make the following assumptions on the Delone—Anderson potential:

(vl) The single-site potential u is a measurable function such that || Z u(- —7)|loo = 1, it has

yeD
compact support and satisfies

U Xo.e, < U< U X05,s (3.1.3)
for some constants 0 < ¢, <8, <7 <ooand 0 <u~ <u™ < oo.

(v2) (wy)vep is a family of i.i.d. random variables, with probability distribution p of bounded
and continuous density p such that

oy = lllloo < 00, (3.1.4)
0 € supp p C [—mg, Mp], (3.1.5)

where 0 < mg < 00, 0 < My < co. We define the global modulus of continuity of y as

s(e) = sup u([E —€/2,E +¢/2]) (3.1.6)
EeR

Since p is an absolutely continuous probability distribution, s(e) < py e.

(uc) 0, < 7/10, i.e. w has compact support contained in B(0,7/10). This implies that for
i,j € D with ¢ # j, supp u; Nsupp u; = (), where we use the notation u; = u(- —4) for
i€ R2

(u0) ||uljco =1 and u(0) = 1.

Under these assumptions V,, is a bounded scalar potential jointly measurable in both w € Q
and z € R, and so the mapping w — H,, is measurable.
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Remark 3.1.3. We can also treat the case where the random variables w, are independent
but not identically distributed. Here, the global modulus of continuity s is defined as s(e) =

sup sup pi,([E —€/2, E+¢/2]). In such case a disorder assumption is needed for the distributions
veD E€R
{1y, namely, s(€) < 00, p1 = sup, [|p[lec < 0o and that for e > 0, there exist constants C,7 > 0

such that p,([E — €, E+¢€]) > C€ for all y € D.

The spectrum of Hp is pure point and consists of a sequence of infinitely degenerate eigen-
values, the Landau levels {B,, = (2n+1)|B|; n =0, 1,...}, with associated orthogonal projection
operators II,,. As the spectrum is independent of the sign of B, we will always assume B > 0.

We denote the spectrum of the operator Hp . by op .. By perturbation theory [K,
Theorem V.4.10] we know that for each w € Q,

78w C | Bu(B,N),
n=0

where B, (B, \) = [By, — Amo, By, + AMy] is called the n-th Landau band. Moreover, by a Borel-
Cantelli argument, for almost every w € 2,

OB CO’B,)\M, (3.1.7)

where op is the spectrum of the free Landau operator. We also show that there exists almost
surely spectrum near the band edges so our results are not empty (see Section 3.3.3).

For B fixed A is small enough such that

A(mo + My) < 2B, (3.1.8)

i.e., the Landau bands B,,(B, A) are disjoint and hence the open intervals

Qn(B,)\) :]Bn+)\M0,Bn+1 — )\mo[, n=0,1,2,.., (319)
are nonempty spectral gaps for Hp ) .

We define the magnetic translations U, for a € R? and ¢ € C5°(R?), by
Ugp(x) = e*ig(“al*xl‘”)(p(x —a), (3.1.10)
obtaining a projective unitary representation of R? on L?(R?):
U,Up = i3 (@bi—mb)py o ciBlabi—ab)y g - g p e R2. (3.1.11)

We then have U, HgU; = Hp for all a € R2.

We now define finite volume operators following [GKS07]. For B > 0, we set

| B B
KB:min{kEN:kZ —} and LB:KB —_—. (3112)
4 47

We denote Ng = LN, Ng = Ng U {oo} and Z% = LpZ*.
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Chapter 3. Delone—Anderson Operators I

We consider squares Ap(z) with L € Np and = € R?, and identify them with the torii
Tr. :=R?/(LZ* 4+ z). We denote by X, the characteristic function of the cube Ay (x) and for
Z € Ar(z) and L < L we denote by Ai(i) and X ; the cube and characteristic function in Ty, ;.

For the first order differential operator Dp = (—iV — A) restricted to C°(Ar(z)) we take
its closed, densely defined extension Dp . 1 from L*(Az(z)) to L2(AL(x);C?), with periodic
boundary conditions and then set Hp ; 1, = D*B,x,LDB,x,L-

We are left with the operator Hp ) 4 1 acting on L2(Ar(x)) defined by

Hpywor=Hpzr+ AV (3.1.13)
where V,, ;. 1, is defined by

Voar(:) = S wul—). (3.1.14)

’YEDQAL_(;u (Z‘)

and we denote by Vx, 1, the potential defined by

Vor()= > ul-—v) (3.1.15)

where Az (z) = DN Ag(z).

Since Hp, 1, has a compact resolvent, its spectrum consists in the Landau Levels but now
with finite multiplicity. We denote by II,, , ;, the orthogonal projection associated to the n-th
Landau level, H#,:v,L its orthogonal complement, define Pp x o 2.1.(J) = X7 (HB A wae,r) for J CR
a Borel set and write Rr(2) = (Hp w1 — 2) * for the resolvent operator of Hp .. We
drop the subscript x from the notation when the results are uniform with respect to the center
of the box Ay,.

This operator satisfies the compatibility conditions [GKS07, Eq. 4.2]: If ¢ € D(Dp 1) with
supp ¢ C Ap_s, (), then Z, 1 € D(Dp) and

2y, tDB gy = DLy o,

3.1.16
IJC,LXz,szSu Vw,a:,L = Xaz,L—6, Vun ( )

where Z, 1, : L?(AL(z)) — L*(R?) is the canonical injection

[ ely) ifye ()
Lap(y) = { 0 otherwise.

From this we have
Lot H ) wz, .0 = HpaoTe L,

that is, the finite volume operators Hp ) . 1, agree with Hp ,, inside the square Ar(z).

However, Hp ) o .1, does not satisfy the covariance condition (1.1.3) so we have a priori

E3
Hpxwazr #UsH )7 4 (),0,LUs>
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where U, is the magnetic translation (3.1.10) seen as a unitary map from L?(A7(0)) to L2(AL(z))
and 7, is the translation defined as 7,(w,) = w,—, for € R2.

We aim to prove for this model the existence of complementary regions of dynamical local-
ization and delocalization in the spectrum and therefore, the existence of a dynamical transi-
tion energy. By doing this we extend known results for ergodic random Landau Hamiltonians
[CH96, GK03, GKS07, GKS09] to non-ergodic ones.

Theorem 3.1.4. Let Hp ), be the Delone-Landau Hamiltonian, satisfying in particular con-
dition (3.1.8). Then for any n = 0,1,2,... there exists a positive constant B(n), depending on
parameters of the model, such that for any B > B(n), Hp x . ezhibits almost surely an Anderson
metal-insulator transport transition in the n-th Landau band.

3.2 A uniform Wegner estimate for a Delone-—Anderson pertur-
bation of the Landau Hamiltonian

Theorem 3.2.1. Ford = 2, let Hy be the Landau Hamiltonian with constant magnetic field B >
0 fized. For any bounded interval I € R there exist constants Qw = Qw (B, \, R,r, I, u, mq, M),
nB.,J €)0,1] and a finite scale L.(B, X, I, R) such that for every compact subinterval J C I, with
|J| <nB.g and L > L., we have

sup B{ tr Pron ()} < Qus(lJ)L (3.2.1)
zeR

Remark 3.2.2. We point out that Theorem 3.2.1 provides a Wegner estimate at all energies,
i particular, at Landau levels. Compare this result to Theorem 3.3.2. Both these results are
necessary to prove the transport transition of Theorem 8.1.4. Theorem 3.3.2 is used to prove
localization at the band edges, while Theorem 3.2.1 is needed to apply Theorem 2.1.6.

Since the results are uniform in x, we state them for x = 0, A fixed and for simplicity we
omit these subscripts from the notation.

For the proof we follow [CHKO07], based on [CHKO03], plus [GKS07|. For an arbitrary Ep € R
, with J and J closed bounded intervals centered on Ey such that J C J, |J] < 1,d; >0, we
decompose E{tr P, 1.(J)} with respect to the free spectral projector of .J,

tr Py, 1, (J) = tr Py (J)Iy 1 + tr Py ()T, 1 (3.2.2)

The key step in estimating the first term of the r.h.s is to prove a positivity estimate as in
[CHKO07, Theorem 2.1]. In order to obtain this estimate in the case of the Landau Hamiltonian,
we need some preliminary lemmas.

Lemma 3.2.3. Using the notations above, there exists a positive finite constant Cy(B,u, R), so
that

.1 Ve 11, > Co(B,u, R)IL, 1. (3.2.3)
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Proof. From [CHKRO04] we have that for n € N, R > 0, for each 0 < e < R, k > 1 and > 0

there exists a constant Cy = C, , . R > 0 such that

HnXO,eHn Z CO(HnXQ’RHn — nH"XO,HRHn)' (324)

Because of the invariance of Hp under the magnetic translations (3.1.10) we have that the
projections II,, commute with these unitary operators, which in turn gives, for an arbitrary
x € R?,

UaTLox0. U > CoUs (I 1L — 1L 110U (3.2.5)
I,Usx0.UsTL, 2 Co(TuUnxg qUSTL, — nILUs X 4U2TI0) (3.2.6)
HnX:v,eHn > CO(HTLXLRHH - anXx,RRHn)’ (327)

since conjugation by unitary operators is a positivity preserving operation.
Now, we recall [GKS07, Lemma 5.3| (which is independent of V' and, therefore, D).

Lemma 3.2.4. Fis B>0,n€N, R>0,0<e<Randn>0. Ifc > 1 and L € Np (defined
as in (3.1.12) ) are such that L > 2(Lp + KkR) then for all & € Ar(x), we have

Wy, 1 X3,elln, . = Colln, (X3 & — 1X; w ) i L + i 1807, 100 1, (3.2.8)

where Cy = CO;TL7B7E,R,77 > 0 is a constant as before and the error operator &, 7 1, satisfies

”gn,a?,L” < Cn7B,E,R7ne_mn’BL7 (329)
for some positive constant m, p.
Now, by (4.1.2) we have
Gr)= Y ut-m2u > Xy (3.2.10)
WEALféu(x) ’YEZ\LﬂSu(l‘)

We fix R > 2R + 6, in which case

> Xk Xl (3.2.11)
yEAL_5, (2)

Now fix K > 1 and pick 5 > 0 such that
% < L 3.2.12
n Z Xyrk < gXa.L: (3.2.12)
YEAL_s, ()
It follows from Lemma 3.2.4, (3.2.11) and (3.2.12) that
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3.2. A uniform Wegner estimate for a Delone—Anderson perturbation of the Landau Hamiltonian

0, Vet o > u™Co Z (X 5 = 1X ) i, L + Tn, £En, 0110 1 (3.2.13)

v€AL_s, (2)
U,iCQ

= oz 4+ pén ol (3:2.14)
> Cill, 1, (3.2.15)

for L > L* for some L* = L:L,B,e,R,n,n < ooand C] = “7400, since the error operator

Hn,LgnyLHn,L = Hn,L Z gn,'y,LHn,L
vehr s, (x)
by (3.2.9), satisfies
”571711” < LQCn,B7E,R,ne_mn’BL.

|

Finally we recall [CHK07, Lemma 2.1],

Lemma 3.2.5. Suppose that T is a trace class operator independent of w and u, the single site
potential (4.1.2). We then have

E{tr P, r(J)u;Tu;} < 8s(|J|)|luiTu;||:. (3.2.16)

where we use the notation u; = u(x — i), i € R2.

Proof of Theorem 3.2.1. Using the preliminary lemmas we can follow the proof in [CHKO07, The-
orem 4.3] and proceed to estimate (3.2.2). Notice that the spatial homogeneity of the Delone set
in the sense that points do not accumulate neither are too far away, so the sums over indexes of
elements of D preserves the properties of the sums over indexes of elements of the lattice Z? as
the original proofs.

a. Estimate on E{tr P, (J)IT,;  }.

The analysis in [CHKO07, Eq. 2.6 - 2.10] for the n-th Landau band remains valid taking, for
the constants defined therein, M = 1 and the operator K defined by

Hpr+1\° 1+J.\?
K=|—""— K| <K,=[(1 2.1
(F25) . Ikl m= (14255 3:217)

where E,, is an eigenvalue of Hp ) ., 1, dp = min{dist(I, B,_1),dist(I, Bp41} and J = [J_, J].

Then we can obtain the analog of [CHKO07, Eq. 4.4],

tr Py ()L, < KpA? max{mo, Mo}? Y Jtr w; P 1(J)ui K, (3.2.18)
ijeA
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Chapter 3. Delone—Anderson Operators I

where K;; = x;(Hp, + 1) "2y, for x > 0 a smooth function of compact support slightly larger
than the support of u such that xyu = u. Note that due to the spatial homogeneity of D and the
fact that supp u is contained in a cube of side r, the translated supports of u do not overlap.

Now, denote by Ag = {i,j € A/xix; = 0} and by A§ = {i,5 € A/xix; # 0}. Fori,j € Ay,
the operator Kj; is trace class [BGKS05, Lemma 2.2|, [CHKO07, Lemma 5.1] and it satisfies the
Combes-Thomas estimate,

1Kijll = lIxi(Hp,z + 1) 2x;|l1 < Che= =l (3.2.19)

where C{, and C\ are positive constants. So we can use Lemma 3.2.5 to obtain

E{| Y tr wiPop(NuKy|} SE{ Y [tr wiP p(J)u Kijl} (3.2.20)
i,j€Ao i,j€Ag
< Co8s(|J)) Y e Cullidl (3.2.21)
i,j€Ao
< Cys(|J])A. (3.2.22)

where C7 also depends on r, since ﬁ([&L) < Cr,de for L > R, see Eq. (3.3.16).

On the other hand, for i,j € A, K;j is also trace class [BGKS05, Lemma 2.2] so we can
apply Lemma 3.2.5 again, obtaining

E{tr P ()} < Cas(|J])|A], (3.2.23)
where Cy > 0 depends on u, I, A\, r and M = max{mq, My} .
b. Estimate on E{tr P, ,(J)II, 1 }.

We use the spectral projector 11, ;, in order to control the trace. Here the key ingredient is
the positivity estimate (3.2.3) and the fact that, under our hypotheses on u, there exists a finite
constant C,,, depending on w only, such that

0< V<G,V

Now,

tr Py 1 (J), 1, < tr Py (I, L VEIL, 1 (3.2.24)

1
Cn(B,u, R)

1 ) )
{tr P p(N)Vill,p — tr PML(J)H#,LVLHH,L} . (3.2.25)

R —
~ Cu(B,u, R)

Then we can proceed as in parts (2) and (3) of the proof of [CHK07, Theorem 4.3], and we finally
arrive to the desired result,
E{tr P (7)} < Qus(()IA] (3.2.26)

where the constant Qy > 0 depends on B,u, R,r,I, A\, M and n. U
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3.8. Proof of Theorem 3.1.4

3.3 Proof of Theorem 3.1.4

3.3.1 Dynamical localization in Landau bands

In this section we prove the following

Theorem 3.3.1. Let H,, be as before. For any n=0,1,2,... there exist finite positive constants
B(n) and K, (\) depending only on n, M, u and p such that for all B > B(n) we can perform
MSA in the intervals

log B
B b

YBnirw =0Bxw N{E € B, |E—By| > Kyp(\) (3.3.1)

We have strong HS-dynamical localization at energy levels up to a distance Kn()\)IO%B from

the Landau levels for large B.

For the proof we need to verify the conditions to start the modified Multiscale Analysis,
Theorem 2.1.3. As mentioned in the proof of Theorem 2.1.3, this model satisfies properties
TIAD, R, EDI, SLI and NE. What is left to prove is the existence of a suitable length scale Lg
that satisfies (2.1.5) and UWE. The latter comes from the following improvement in the Wegner
estimate of the previous section and it follows [CH96, Theorem 3.1].

Theorem 3.3.2. There exists B > 0 and a constant Q,, = QnJ\,quHOO such that for all B > B
and for any closed interval I C B, \ o(Hp)

B
E{tr Pgrwor()} < Qn———— |I|L?. 3.3.2

In particular, for Ey ¢ o(Hp) and all 0 < € < |Ey — By,

B
(IEo — Bn| —€)

P{dist(c(Hprwae.r), Fo) < €} < Qn seL?. (3.3.3)

Proof. Without loss of generality we work within the first Landau band By, containing the
Landau level By. Set M = ||V,,|lcoc = max{mg, My}. Let I be an interval such that I C By\{Bo}
and inf I > B, so dist(/, By) > 0 .

Following the same arguments in [CH96, Eq. 3.4 - 3.11], we get

Eftr PL(I)} < dist(I, Bo) > M?||pllolI| D T, |1, (3.3.4)
i,j€D

where Pr,(I) stands for Pg ) ..(I) and we use the notation A% = uil/zAujl./2 for any bounded
operator A.

To evaluate the sum we consider separately the indices 4, j for which ||i — j|| < 44,, and those
for which [|i — j|| > 44,, with ¢, as in (4.1.2).
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Let x;; be the characteristic function of supp (u; + u;). Again, as in Theorem 3.2.1, the
translated supports of u behave in a similar way as in the lattice. Then we follow the same
arguments therein and obtain, using [CH96, Lemma 2.1],

ST <l D IxaMorxilh < CoBlAllsupp ul, (3.3.5)
i—j]|<46u |i—j| <46

where the constant Cj actually depends on the index n of the Landau level, which in this case
is 0.

Define X;'; to be the characteristic function of the set {x € R? : ||z —i|| < ||z —j||} and denote
Xij =1— X;; Then we obtain

07 1/2 1/2 1/2 — — 1/2
I Il <l o x5 i o, s 12 + g o, x5 g3 o, i 12
Now, if |i — j| > 44,, condition (4.1.2) implies that

[li —J
2

dist(supp X;;,supp uj) > — 0y > ki —j|

for some k£ > 0. Similarly for dist(supp Xij» SUPP u;). We then obtain

ST Yl < Cilsupp ul|Al- (3.3.6)
[i—j|>46u

Combining (3.3.4), (3.3.5) and (3.3.6) we obtain

Eftr PL(I)} < Qo(dist(I, Bo))~*||plloceBIAl,

where the constant Qo depends on A\, M ,||u|« and suppu. Taking I = [Ey — €, E + €] for small
e > 0 and applying Chebyshev’s inequality we obtain (3.3.3).

O

As for the initial length scale estimate (2.1.5) to start the multiscale analysis, we need to verify
that for some Ly € 6N sufficiently large (as specified in [GK03]), given 6 > 0, E € R\ 0(Hp,1),

1

1
P“UMRMWM@meﬂﬁ—}>1—ﬁA (3.3.7)

Ly
for a suitable choice of p, where T'y L = Xz, | (@)\A,_s(@)-

To do so we follow the approach [CH96| to obtain estimates that we will later state as in
[GK03]. We need to show that in the annular region between a box of side L/3 and L, there exists
a closed, connected ribbon where the potential V' satisfies the condition |V (z)+ B, —E| > a > 0,
for E # B, with a good probability ([CH96, Eq. 4.2]). To prove this, Combes and Hislop used
bond percolation theory, defining occupied bonds of the lattice as those bonds where the potential
satisfies this property. However, in our case there is no need to use percolation theory since this
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3.8. Proof of Theorem 3.1.4

fact is assured by the assumption (uc) on the single-site potential. More precisely, we will show
that there exist ribbons where the potential is zero almost surely.

Let us consider the Voronoi diagram associated to D [OBSC]. Since A;, = DNAy is a discrete
bounded set, we can write A, = {p1,...,pn}, n € N. For each site p; we consider its Voronoi cell,
defined as

V(pi) = {z € R?: o —pil| < ||z = pjll,J # 1,1 <j <n},

L.e., the set of points that are closer to p; than to any other site in Ar. The Voronoi diagram
associated to Ay, denoted by Vor(Ar) is a subdivision of Ay, into Voronoi cells,

Vor(Ar) = | V().

1<i<n

The edges and vertices of Vor([XL) are polygonal connected lines with the property that
the minimal and maximal distances from any site p; to an edge or vertex are r/4 and \/ER/ 2,
respectively.

Now, take a covering of Ay 3 by a finite collection of Voronoi cells, Vi, which is a convex
polygon. Its perimeter is a polygonal line C that encloses Ay /3 such that C N D = (). Taking L
big enough with respect to R we have C C A3\ Az /3. Moreover, assumption (uc) implies that
we can always find a ribbon R associated to C, i.e., a set

r

— R2: di r_nr
R={z¢€ dzst(w,C)<4 10},

such that V(z) =0 for all z € R (see Fig. 3.1)

Figure 3.1: Ribbon R in the Voronoi diagram associated to D. Points represent the support of
the Delone—Anderson potential.

Then, condition [CH96, Eq. (4.2)] holds almost surely, therefore [CH96, Corollary 4.1] holds
almost surely, and this implies (see [CH96, Proposition 5.1], [GK03, Theorem 4.3])
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Theorem 3.3.3. Let E = B, + 2a for some n = 0,1,2... with 0 < 2a < B. There exists
constants Yy, B, > 0 depending only on n, M, u,d, such that for any 0 < e < a, L € 6N and Q,
as in the previous theorem,

B : Be
L B T ER RO (33.5)
Therefore, to satisfy (3.3.7) we need only to verify the conditions
B . 1
Yn_Qe—ﬁn mln{dB,\/E} S _6’ (339)
ae Ly
Be 1
Qn— L3 < —, (3.3.10)
" a2 Lb

which can be done in the same way as in the proof of [GK03, Theorem 4.1], yielding Theorem
3.3.1.

3.3.2 Dynamical delocalization in Landau bands

Theorem 3.3.4. Under the disjoint bands condition (3.1.8) the random Landau Hamiltonian
Hp . exhibits dynamical delocalization in each Landau band B, (B, \), i.e. for alln =1,2,...,

EPP N opaw N Bu(B,\) # 0. (3.3.11)

In particular, there exists at least one energy E,,(B,\) € B,(B,\) such that for every
X € CZ%(R) with X =1 on some open interval J > E, ,(B,\) and p > 0, we have

MB)\(p’X’T) > Cp,XT§_6a (3312)
for all T > 0 with C, x > 0.

This is a consequence of the quantization of the Hall conductance in each Landau band and
the fact that in regions of dynamical localization, the Hall conductance is constant, as proven in
[GKS07, Section 3]. We recall the main lines of their strategy.

Consider the switch function h(t) = X1 .)(t) and let h; denote the multiplication by the
27
function h(z;), j = 1,2. The Hall conductance is defined as

OH, (B, )\,E) = _QWiG(PB,A,w,E) = tr {PB,)\,w,E[[PB,)\,w,E’7 hl], [PB,A,W,E7 hg“}, (3313)
where PB,A,W,E = PB,)\M((—OO,E]).

Following the proof of [GKS07, Lemma 3.2] we see that the Hall conductance is constant in
connected components of the dynamical localization region, where property SUDEC is valid, as
consequence of Theorem 2.1.3. On the other hand, it is well known that for A =0, o, (B, A\, E) =
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nif E € (By,Bpy1) for all n = 0,1,2,.... Under the disjoint bands condition (3.1.8), if E €
Gn(B, \y) for A\, and some n € {0,1,2,...}, we can find some Ag > A, such that E € G, (B, \)
for all A € [0, A\g]. That is, the spectral gaps stay open as A increases. Then we prove along
the lines of [GKS07, Lemma 3.3] that oy, (B,\,E) = n if E € G,(B,\), for all [0,\g]. As the
spectral gaps G, (B, \) are by definition part of the localization region, this implies that the Hall
conductance has the same value in different gaps, which is a contradiction. Therefore, we must
have ZPP Nop ), N BL(B,A) # 0 for every w € Q.

By Theorems 3.3.1 and 3.3.4 we conclude that there exists a dynamical transition energy in
each Landau band as stated in Theorem 3.3.4.

3.3.3 Almost sure existence of spectrum near band edges

Since we deal with a non ergodic random operator, previous results on the nature of the spectrum
do not hold in this setting. In particular, we cannot use the characterization of the spectra as
a union of spectra of periodic operators as in [GKS07]. We need a more constructive approach
and thus, to go back to the argument used in [CH96]. We extend [CH96, Theorem 7.1] to a
Delone-Anderson potential to make sure that, although the spectrum op ), is random, there
exists almost surely some part of op ), in the region were we can prove dynamical localization,
that is, in the spectral band edges.

Consider the operator acting on L?(R?), HY = Hp + AV.” where A > 0 and V? is defined
as in (3.1.2). Recall that

V() =) wyuy, (3.3.14)
yeD

where D is an (r, R)-Delone set, the random variables w, are ii.d. with absolute continuous
probability distribution u, supp p = [-M,M] and uy, = u(x — 7). Assume moreover u €
C?,||lulloo = 1, supp u C A,(0) and u(0) = 1.

Theorem 3.3.5. Under the disjoint bands conditions, for a random Landau Hamiltonian as
stated before and any n = 0,1,2, ... there exists a finite positive constant B(n) depending on n,
M, u, X\ and K,(\) such that for all B > B(n), the intervals ¥p .o i Theorem 3.3.1 are
almost surely non empty. More precisely, we prove that there exist finite positive constants C,
B(n) depending on n, M, u such that for every B > B(n), we have for all E € B,

o(Hy) N [E - XC,B™ Y2 E + XC,B~Y?] £ 0. (3.3.15)

For a set A € R? we denote by A the intersection AND. Recall that we have, for an arbitrary
box Ar(z) of side L € N centered in x:

CR,de < ﬁ(AL) = ﬂ(D ﬂAL) < Cr,de7 (3316)
where Cp 4 = R~ and Crag= [r—1].

Take a sequence {z, } such that |z, — z,,| > L for every n,m and consider the following sets
in the probability space :

Qf(xn) = {w : ‘w’\/ - 77’ <eVye€ AL(xn)}
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and

of = U @), (3.3.17)

N n>N

where 1 € [~M, M]. By the choice of {z,,}, the events QL (x,) and QF(z,,) are independent for
n #m.

Since the random variables are i.i.d. and (3.3.16) holds for every box Ar(z,), we obtain

P (QF(x,)) =P (yw7 —nl <eVye AL(xn)) =P (|w, — | < e)HPMA2lEn) (3.3.18)
> P (|wy — 7] < €)Cri (3.3.19)

= [y — e, + € )Tl (3.3.20)

(3.3.21)

Therefore
> P (Qf(xn)) = o0, (3.3.22)

which implies that P (QEL) =1, by the Borel-Cantelli lemma.

Given 0 > 0, take e = §/(rL)?. We have shown that for w € QF, a set of full measure, there
exists an infinite sequence {z,} such that for any n € [-M, M],

1) -
lwy — 1] < W for all v € Ap(zy,) (3.3.23)

Fix one of these boxes and call it Ay (so Ag depends on w, but this procedure can be done
for all w € Qq, the yielding result being uniform in w).
_ Without loss of generality, Ag contains 0. Indeed, if 0 ¢ Ap(z,) for all n, take L > R so that
Ay # 0 and take vy € Ag. Consider now the operator

HP™° =Hp+ X > wu,. (3.3.24)
YE€D—70

We have that o(HD) = o(HE ™), since, taking a translation Ty 1 X D — Q x (D — )
defined by 7, (wy,y) = (wy,Y — Y0), that associates the same random variable of a point to its
translated, we can see HY is unitarily equivalent to HE,

Moreover, by what is known for Hf}) , with full probability there exists a sequence {Z,} =
{zn—"0} such that (3.3.23) holds. In particular, since the cube Ag is a cube that satisfies (3.3.23)
for HE | then the cube A, = Ag — 7o satisfies (3.3.23) for HE .

Define

Vip(x) =n Y uy (3.3.25)
'YGAWO
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Since 79 € Ag = AgN D we have that 0 € AWO = (Ao —70) N (D —"0). Moreover, the assumptions
on wu, namely that u(0) = 1 and the supports of uy do not overlap, imply that V5, (0) = 7.
Therefore, without loss of generality we can assume Ag is centered in 0 and so we work from now
on with HY VP and V; as in (3.3.25) with 4o = 0.

Remark 3.3.6. The assumption u(0) = 1 is so we can later perform a Taylor expansion around
0.

Proof of Theorem 3.3.5. From now on L is fixed. For the sake of completeness, we will reproduce
the details of [CH96, Appendix 2| with the corresponding adaptations and work in the 0-th
Landau band. Let IIy be the Landau projection in the (-th Landau band, around the Landau
level By. Take the normalized function ¢ € IIy(H),defined by

1/2
po(x) = <§> e~ Blal®, (3.3.26)

™

Let E € [Bo— AM, By + AM], that is, E = By + An for some n € [-M, M]. The case n =0 is
trivial by the previous Borel-Cantelli argument, as {B), },>0 C o(H,,) almost surely. Since the
argument is analog for 7 < 0, in the following we consider only n € (0, M|, and write

I (HY — E) ¢oll = || (HS — Bo — An) ¢ol (3.3.27)
< [To(AVZ” = Mol + All(1 — o) V"ol (3.3.28)
For simplicity we write V,, instead of V.?. The deterministic result [CH96, Lemma A.1 | implies

that
All(1 = TIo)Viugho|| < ACLB™2, (3.3.29)

where (' is a constant depending only on the single-site potential u. We are left with

Mo (AVL = Am)goll A wruy + Y wyuy =)o (3.3.30)
’YE[\O 'yED\f\O
MO wyuy =)ol + Al D wyuyeol (3.3.31)
v€Ag y€D\Ag
<MY wyuy =)ol +AM Y luydol- (3.3.32)
v€Ao ~vED\Ag
Recall that i
{veD: ~yeD\AN}C{yeD: |y|>r} (3.3.33)

The second term in (3.3.32) can be estimated as in [CH96, Eq. 7.6], where it is shown that

s bol* = / do(@)*u(w —7)*de < |Jul|Ze”PPIHHB, (3.3.34)
R2

which is summable for 7 such that |y| > r, yielding that for all B > B,, for a constant B, big
enough,
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Chapter 3. Delone—Anderson Operators I

AM Y lusgol < AC2B™Y2, (3.3.35)
WED\AO

where the constant is uniform in B.

As for the first term in (3.3.32), recalling the definition of V; from (3.3.25), we write

MY wyiy = mooll =AY wry = Vo + Vo —n)éol (3.3.36)
EAQ ’YEJ\O
AN wyuy = Y uy)doll + All(Vo — m)oll (3.3.37)
vERo veAg
Y (wy = myusoll + Al (Vo = m)doll (3.3.38)
v€ho

By the choice of Ag the first term in (3.3.38) is

A (wy = muygoll < A6, (3.3.39)

€Ay

As for the second term in (3.3.38),

2 - T
(Vo = m)goll* = <W>/ Vo(z) — n|2e 2B gy (3.3.40)
2
= <—>/ Vo(B~Y2z) — n|2e21elP ga, (3.3.41)
s R2
Now, since V5(0) = n, we have
Vo(B™'22) — | = [Vo(B~"?z) = Vo(0)| (3.3.42)

and we can perform a Taylor expansion around 0 for Vj, obtaining, since supp Vi C Ay,

Vo(B™"2x) = Vo(0)] < B™2||z][[|VVollee < BT2L|VVo . (3.3.43)

Notice that ||[VVj|leo < Cs, for a constant C5 depending only on w, uniformly with respect
to n € [0, M]. Replacing this in the integral we obtain

1(Vo — ool = (%)/eme (3:3.44)

So we obtain once more

Al(Vo =m)goll < AC5B~Y2. (3.3.45)
Finally, adding the estimates (A.1),(A.2),(3.3.39) and (3.3.45) yields that for all B > B,,
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IHD — (Bo+ )|l < AC5B™'2 +36, (3.3.46)

where the bound is uniform in B, w € Qy and in n € [0, M]. The same result holds in any
Landau band for all B large enough. Therefore, with probability one and for any £ = B,, + An,
we have

o(HDYN[E —ACsB™Y2 — 5, B+ AC5B™Y% 4 5] £ 0. (3.3.47)

Since & > 0 is arbitrary,

o(HPYN[E - AC5sB™ Y2, E + ACsB~Y/% £ 0, (3.3.48)

for every E € [B,, B, + AM]. This proves that any gap in the spectrum of H? in the Landau
band cannot exceed a length of order B=1/2, O

In particular, since we know by perturbation theory that o(HY) C [B,, — AM, B,, + AM|,we
have that for ¥ = B,, + AM, that is, in the edge of the Landau band,

o(HPYN [Bp + AM — AXC5B~Y2 B, + AM] # 0. (3.3.49)
On the other hand, by Theorem 3.3.1 we know the localization region is at a distance
Kn()\)ln?B from the Landau level B,,. If X is fixed and B is such that

In B AC),

K,(AN)— < A\M —

n(N)— < Wick

then the region of the spectrum that is almost surely near the band edge, that is above B, +
AM — ACnB*1/2, lies in the localization region, that is above By, + K, () II}BB. So we have shown

Theorem 3.3.5, that is, for every n =0,1,2, ...

(3.3.50)

YBnaw # 0 forae we (3.3.51)
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Chapter 4

Delone—Anderson Operators I1I: A
perturbation of the Laplacian
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4.1 The model

In this chapter, we study a particular non-ergodic model that is a Delone—Anderson perturbation
of the Laplacian, or of a perturbation of the Laplacian. In the case where the background
Hamiltonian is —A we prove dynamical localization at the bottom of the spectrum using the
Bootstrap MSA obtained in Chapter 2 (Section 4.3 ). Moreover, we obtain an explicit formula for
the energy interval where localization holds in terms of the geometric parameters of the Delone
set. In section 4.4, we obtain similar results for the case where the background operator is
—A + Vj, for some bounded potential V{, using a different method to establish the initial length
scale estimate required to apply the MSA. We consider Delone—Anderson perturbations with both
regular and singular measures (Delone-Bernoulli type potentials). The Delone-Bernoulli model is
studied in section 4.5 using the localization proof by [GK11] & la Bourgain-Kenig [BoK05]. Here,
we see a distinction between dimensions d > 2 and d = 1, that, we believe, is a consequence of
the techniques used to obtain the initial length scale estimate. Part of these results are contained
in the article “Dynamical localization for Delone-Anderson operators” [GMRM], in preparation.
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Chapter 4. Delone-Anderson Operators I

Consider the random Schrodinger operator H,, = Hy + V,, on L*(R%) where Hy is a pertur-
bation of —A and V, is a Delone-Anderson potential defined by

Vo(z) = ) wyu(z — ), (4.1.1)
yeD

satisfying conditions (v1) and (v2), defined in Chapter 3. For the reader’s convenience and to
make this chapter self contained, we recall,

(vl) The single-site potential u is a measurable function such that || Z u(- — )|l = 1, it has

yeD
compact support and satisfies

uiXOyeu S U S U+X075u, (412)
for some constants 0 < e, <, <r <ooand 0 < v~ <ut < oco.

(v2) (wy)~ep is a family of i.i.d. random variables, with probability distribution g of bounded
and continuous density p such that

p+ = [plloc < 00, (4.1.3)

0 € supp p C [—mg, My, (4.1.4)
where 0 < mg < 00, 0 < My < co. We define the global modulus of continuity of y as

s(e) = sup u([F —€/2, E + €/2]) (4.1.5)
E€R
Since p is an absolutely continuous probability distribution, s(€) < p; €.

We denote by V' the potential obtained from (4.1.1) by setting all the random variables equal
to 1, that is,

V() = u(-—n), (4.1.6)

yeD

For any operator A, we denote by A, its restriction to the cube A, ;. For the sake of
notation, we will write A, or Ar, indistinctively, when no confusion arises.

Remark 4.1.1. The results in this chapter also hold in the case where the random variables w,
are independent but not identically distributed. Then, the global modulus of continuity s is

defined as s(e) = sup sup p([E — €/2, E + €/2]). In such case a disorder assumption is needed
vyeD E€R

for the distributions p.,, namely, s(€) < 0o, py = sup, [|py[lcc < 0o and that for e > 0, there
exist constants C,7 > 0 such that p([E — €, E 4 ¢€]) > C€” for all v € D.

4.2 Uniform Wegner estimates for Delone—Anderson type poten-
tials

Theorem 4.2.1. i. Ford > 1 let Hy = —A and My > 0. For any q¢ > 0, there exists a
positive constant C,, 4 and an energy

* CU 2
E*(R) = (quﬁ> >0, (4.2.1)
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4.2. Uniform Wegner estimates for Delone—Anderson type potentials

uniform in \ such that for any compact subinterval I C [0, E*(R)] there exists a constant
Qw = Qw(\, R,r,u,d,q) and a finite scale L, = L.(R) such that for L > L, the following

uniform Wegner estimate holds

sup E{tr Py (1)} < Qus(I)L. (4.2.2)
zeR

ii. Let By € R\ o(Hy) for Hy = —A + Vi, where Vy is Z%-periodic. For any bounded interval
I C R\ o(Hy) there exist a constant Qw = Qw (A, R,r,I,u) and a finite scale L.(R) such
that for every compact subinterval J C I, (4.2.2) holds.

i1i. Assume the IDS of Hy is Holder continuous with exponent § > 0 in some open interval I and
no further assumption on s(e). Then there ezists a constant QY = QY (B, A\, I, u, R,r,d) >
0 such that for all compact subintervals J C I with |J| small enough, and 0 < v < 1,

E{tr Py o.».1(J)} < Qy max{|J|*, |J|72Vs(|.J|)} L% (4.2.3)
In particular, if s(e) < Ce€, for some ¢ € [0,1], then

E{tr Prwon ()} < Qi |52 L (4.2.4)

Proof. For simplicity we omit A and z from the notation. We follow the proof by [CHKO7,
CHKO03], as done for the Landau Hamiltonian in Chapter 3, that relies in decomposing E{tr F,, 1.(/)}
with respect to the free spectral projector of an interval J, such that J C J and d; = dist(J, J¢) >

0, that is

tr P, r(J) = tr P, ,(J)Po.r(J) + tr Py r.(J)Po.1.(JO). (4.2.5)

The key step in estimating the first term of the r.h.s is to prove a positivity estimate as in
[CHKO07, Theorem 2.1]. Once this is established, the proof follows as in [CHKO07], since the
second term can be estimated in a standard way using Combes-Thomas type estimates (see
Proof of Theorem 3.2.1-(a)). For the first term, the key is to obtain a positivity estimate analog
to [CHKO07, Theorem 2.1], which we do in the following.

To prove (i) we need to show that there exists an energy E*(R) > 0 and a constant Cyy g r > 0
such that for every I C [0, E*(R)] we have,

Por (VL Por(I) > CyarPor(I). (4.2.6)

We take advantage of an averaging trick used in [BoK05, GHKO07]. We compare the potential

Ve, to a spatially averaged potential defined by

V() .

Cy
=7 o Vo > T, ) (42.7)
R
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Chapter 4. Delone-Anderson Operators I

Let L > R and let ¢ be a normalized eigenfunction in the range of Pp (I), we have

<30, PO,L(f)VLPo,L(f)SD> = (o, Vi) (4.2.8)

= (o, Vi) + (o, (VL = Vi)p) (4.2.9)
C, 1

S G 1 . . _ d 4.2.1

ZRTR s 0 {o(- +a), Vep(- +a)) = (¢, Vip) da (4.2.10)

> 2 [ e+ ) Vil +a) — (e Vi) (42.11)

SRRy PO ERCT @) T VLer i 2.
C. 1

= Rd @/ [ {e(- +a) — o, Vip(- +a)) + (¢, Vip(- + a)) — (¢, Vi) [da  (4.2.12)

AR(0)

C. 1

= =i pd [ {p(-+a) =@, Vip(- +a)) + (¢, VL(p(- +a) — ¢)) |da (4.2.13)
R RY I

> i [ 2llel+a) - pllVild (12.14)

= Rd RdAR(o)gp a) —@|l{|VLlda 2.
C, 1

> =0~ Ba 2 d 421

> i ), 2l elde (1.2.15)
C,

> 2t 2RV, (4.2.16)

(4.2.17)

where ||Vig| = £ and we use the fact that ||¢(- +a) — ¢|| < |a|[|VLel/r. Take
Cu Cu,d

&= q2\/ERd+1 = Ypdr1 for some ¢ € (0,1), (4.2.18)
then c .
2 — 2BVdE = (1 - 9) 55 = Cquan > 0. (4.2.19)
Choose
* Cud 2
E*(R) = <q—Rd-;-1> : (4.2.20)

Then, since ¢ < E*(R), we obtain that for any ¢ € (0,1) and for any ¢ € Ran Py 1,(I), there
exists a constant C,, 4z > 0 such that for I C [0, E*(R)),

<<p, PO,L(IN)VLPO,L(IN)@ > Chud R <cp,P07L(IN)<p>. (4.2.21)

This gives the crucial estimate to prove an optimal Wegner estimate as in [CHKO07, Theorem
1.1].

As for (ii), note that in this case tr Py z,(J) = 0if J C R\ o(Hy), so we only need to estimate
the second term in the r.h.s. of (4.2.5), where we do not need the positivity estimate (4.2.6) for
Py 1. This is done as in the proof of Theorem (3.2.1)—(a).

In case (ii7) we can estimate the first term in the r.h.s. of (4.2.5) without using the analog of
(4.2.6) for Py 1. Instead, the Holder continuity of the IDS of the non perturbed operator implies
that there exists a constant C' > 0 such that

tI‘P07L(j) S C’j‘é‘A‘,
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4.8. Dynamical localization for a Delone—Anderson perturbation of the Laplacian

and so, for 0 <y <1
tr Py.r.(J)Po.r(J) < C|J|"°|Al. (4.2.22)

Following the lines of [CHK07| and writing explicitly the dependence on dj, we have
Qw

E{tr Po,r(J)Po(J)} < 2 S(JDIAL,
J

by taking d; = |J|” we obtain the desired result. Furthermore, if s(e) is ¢-Ho6lder continuous,
we get, taking v such that v = ¢ — 2,

E{tr P, (J)} < @}y max{|J]%,|J|S" 2} L2 (4.2.23)
< Q| a2, (4.2.24)

where Q;, depends on u, I, A\, R, r and M.

4.3 Dynamical localization for a Delone—Anderson perturbation
of the Laplacian

Consider a Delone set D of characteristics r, R and its associated Delone-Anderson operator
H, = —A +V, on L}(R%), with V, defined in (4.1.1). We assume my = 0, so the random
variables in the definition of V[, are supported in the interval [0, M] for some M > 0 fixed. Then
o(H,) = [0,00) for a.e. w € Q. In this section we prove the following

Theorem 4.3.1. There exist positive constants C' and A, depending on the parameters of the
model d,u, u, M, and an energy

Cl
E, = ,
R2(d+1) [log AR\Q/d

(4.3.1)

such that for every small open interval I C [0, Ey), we have I C Xprsa. In particular, H,, exhibits
dynamical localization in [0, E,).

4.3.1 The Initial Length Scale Estimate (ILSE)

Since, by Theorem 4.2.1-(7), H,, satisfies a uniform Wegner estimate, in order to apply the
Bootstrap MSA (Theorem 2.1.3) it remains to prove an initial length scale estimate (ILSE). We
do this by showing that there exists a length scale Lg such that a gap of size E, occurs above
0 = info(H,,) in the spectrum of H, j with good enough probability. Applying the Combes-
Thomas estimate inside the gap will yield the desired decay of the finite-volume resolvent, and
thus proving ILSE (2.1.5), in the interval [0, E,.).

The following is a reformulation of [G08, Proposition 3.1] adapted to our setting.
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Chapter 4. Delone-Anderson Operators I
Proposition 4.3.2. Fiz p > 0. There exists a constant C = Cy , ap M, Such that for all scales

(4.3.2)

L >1 and z € R? we have
- _2
P (Hw,x,L > R (In L) d) >1 - T

Proof. Fix K > 1. By assumption (v1) (4.1.2), there exists a constant C,, 4 such that, uniformly
(4.3.3)

with respect to the center of the box z € R?, for some K > 1,
1 Cud
[ Vo i = GV )
KR

Vo () = —
where 1
Y, — 4.3.4
k= i 5 Z we (4.3.4)
CGA%(O
It follows from standard estimates that, if i is the mean of the probability measure u, there
exists A, > 0 such that
1 L — ALK
P| = Z we <5 | <em (4.3.5)
CeAk (§)
3
Therefore,
_ C 7dﬂ _ d
P (vw,L > 2}[ XAL) > 1 — Ll Ak, (4.3.6)
and in turn, for the operator defined by
Ho o =—-Ap+Vr, (4.3.7)
(4.3.8)

F Cu,aft d AL K9
P<HM,LZW Zl—Le ® .

we have
Take w in the event whose probability is given by the previous estimate. If ¢ € C°(AL),
with [|¢|| = 1, we can proceed as in the previous section and estimate
(0, Ho,p) = (s Hu,n) = (@, (Vo r — Vio,1.) ) (4.3.9)
Cu di 1 /
Z Spd T ({p(- +a), Vo ro(- +a)) — (o, Vorp))da  (4.3.10)
2Rd (KR)4 Ak (0) w w
Cy ai 2
Z opd T : — llllVL 4.3.11
(< W LR (L (311)
— KRMVd|Vel, (4.3.12)
(4.3.13)

> Cu,dﬂ

~ 2Rd
where M = sup,, |Vi,1||cc and we used that ||p(- + a) — ¢|| < |a|[[Ve||. Notice that, since

Vw,L 2 07
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4.8. Dynamical localization for a Delone—Anderson perturbation of the Laplacian

IVel* = (0, —Ap) < (p, Hu ). (4.3.14)
Then
Cu,dﬂ \/’ 1/2
(o Hory) 2 —pq — KRMVd{p, HoLp)'". (4.3.15)

Taking ¢ € Rang P_ 1](Hw,), we have that (¢, H, ) < 1 and therefore,

(Cu,dﬂ)z Cu,d,p,M
(0 Ho L) > o s tares = Taatases: (4.3.16)
We then have
P (Hop > CogpuB DK 2) 21— Ll Mr”, (4.3.17)

1/d
Given p > 0, take K = (W In L) . Notice that K > 1 for L big enough depending on
Ay, p,d. Then

P (HM,L > CR~(2+2)(In L)—Z/d> >1- [, (4.3.18)

1/d
where C = Cy q,u,1m <m?»—l{kl) : -

The Combes-Thomas estimate [S, Theorem 2.4.1] states that for E € J such that n =
dist(E, 0(Hyz,1)° N 1) > 0, there exist positive constants ¢; and ¢p such that

T,z R, 1. () Xer 3] < %e’”"” * dist(supp T, oM, 1/5), (4.3.19)

Because of the size of the spectral gap in the spectrum of H,, ; above 0, it is enough to take
E € [0,ar/2], where ay, := CR™C2)(In L)=%/¢ 5o that = dist(E,az) > az/2. In this case
the Combes—Thomas estimate gives

||FI,LR:B,L(E)X$7L/3 H < CgR(2d+2) (ln L)2/d6704LR—(d+1)(1n L)—l/d’ (4-3-20)
where we used the fact that dist(suppI'z r,Ar) > L/2 and
2
c3 = = VO (4.3.21)

—, 4= .
Cu,d ! 2\/5

This gives the desired decay of the finite-volume resolvent proving ILSE in the interval [0, E,),
where

E,=ar/2=C'R 2 (nL)~?/? for some ¢’ = C' Ay M, A, p > 0 (4.3.22)

u
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Chapter 4. Delone-Anderson Operators I

4.3.2 An explicit formula for the energy F,

In order to obtain the dependence of the energy FE, on the parameters of the (r, R)-Delone set,
we need to know how big the initial length scale Ly has to be in terms of these parameters. Let
us recall an explicit finite-volume criteria given by [GKO03, Theorem 2.5|, adapted to our setting,

Theorem 4.3.3. Let H, be a random operator such that Assumptions R, IAD, SLI, EDI, IAD,
NE, UWE, and USGEE, defined in Sections 2.1,2.2, hold in an open interval I. Set

2
1079\ ¢ 1
£ = max {39,42, 3 <T> ,§(16 : GOdQW)2/d} , (4.3.23)
where p is the IAD parameter and Qw is the constant in the UWE. Suppose that for some
Lo>L,Loeb6Nand F e XN,

2

P (90"32(87L0)* | 1 Bt (B)xro sl < 1) = 1= 2o,

(4.3.24)

where 1 s the constant in the SLI. Then E € Yp54.

We work in the interval [0, E,]. Clearly from the definition of the random potential, H,,
satisfies property R and TAD with with p < r and therefore properties SLI, EDI and USGEE (as
seen in Secton 2.2). By Theorem 4.2.1 , H, satisfies UWE with a constant Qy proportional to
(4.2.19). Recalling (4.3.20), according to (4.3.23) Ly has to satisfy

1 C
Lo > 5-(16- 607Qw )% = ¢sR?, 5= 3L7’d(16 - 60%)2/4, (4.3.25)
(37290) %2 L24cy R242) (1og Lg) %/ de—erloR™ T D (InLo) ™/ (4.3.26)
Choose
LO _ Ad+2R(d+2)Sgn(Rfl)’ (4327)

where A > 1 is a constant to be chosen later.

For the moment, assume R > 1. Then, for Ly to satisfy (4.3.25), we need to have A9T2 > ¢s.
On the other hand, to satisfy (4.3.26), we need to have

<1, (4.3.28)

d+1
CG(AR)2d(d+2)R2d+2((d + 2) log AR)2/d exp (_ c A AR )

(d +2)Yd(log AR)

where cg = (37%90)%y2c3. Since AR > 1 we always have log AR < (AR)%, so the condition is
satisfied if

07(AR)2d(d+2)+1R2d+2 < ngA"H'I\/E7 (4329)

where ¢; = c(d + 2)%%, cg = c4/(d + 2)'/? Since A > 1, (4.3.29) will hold if

cr(AR)2*+6d+3 - cesVAR (4.3.30)
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It is enough to ask for A to satisfy

cp A2 H6dH o eaV/A (4.3.31)

since the same will hold for any number larger than A, in particular, for AR. As A > 1 and
VAR < A1/ AR, then (4.3.29), and therefore (4.3.26), follows.

If R <1, define R = %. Then Lo = (AR)#2 where R > 1 and the same estimates as before
hold for A > 1 big enough uniformly in R satisfying (4.3.31).

This proves that we can pick a positive constant A big enough, uniform in R, depending
on d,7vr,u,c1, such that the conditions for Theorem 2.1.3 hold for E € [0, E.). Since Ly =
A2 R(d+2)sen(B=1) from (4.3.22) we have

C/
E, =
R2(d+1) [log AR|2/d

with C" = Cy g, m,4, 0 A = Audyrer > 0. (4.3.32)

4.4 Dynamical localization for a perturbation of the Laplacian
with a Delone—Anderson potential

Consider a Delone set D of characteristics r, R, and the operator H, = Hy + V,, LQ(Rd) where
Hy = —A+ 1} with Vi a bounded potential. The random potential V,, is defined by

Vo(x) =) wyu(z — ), (4.4.1)

~ye€D
satisfying properties (v1) and
(v3) (wy)vep is a family of i.i.d. random variables, with common probability distribution

such that
supp p = [0, M], for some M > 1, (4.4.2)

wl0,t] < ct™, for small t, a positive constant ¢ and 7 > d/2. (4.4.3)

Then Ey = info(Hy) = inf o(H,,) a.e. w € Q. We have the following result for the operator H,,,

Theorem 4.4.1. Let $ € (d/(27),1) be fized. Then, there exist positive constants c1,co and A,
depending on d, M, I,u,Vy, 3, and an enerqy E, given by

E, = Eg + cgR—c1BY/?sgn(R=1) g—ea AYV? (4.4.4)

such that for every small open interval I C [Ey, E,), we have I C Xprsa. In particular, H,,
exhibits dynamical localization on [Ey, Ey).

Let H,  and Hy  denote the restriction of H, and Hp to the cube Ay (z) with Dirichlet
boundary conditions. We write

)\L(t) = infO'(Ht7L), where Ht,L = H()’L +tVg, (445)
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Chapter 4. Delone-Anderson Operators I

where V7, we recall, denotes the restriction of the potential V' obtained from V,, by setting
wy = 1 for all v € D. We use the unique continuation principle for the operator Hy 1, with
the Delone-type perturbation Vz. By [RMV12| (see Appendix A.1, A.3), we know that there
exists a constant Cycp > 0 independent on the scale L, such that for all ¢ € [0, 1], there exists
a constant kK = u_Cpycp such that

)\L(t) > )\L(O) + xt > Ey + kt, (4.4.6)

where u_ comes from (4.1.2) and Cycp depends on the parameter R of the Delone set D.

Since V; is bounded, it satisfies an optimal Wegner estimate at the bottom of the spectrum
as proved in [RMV12].

In order to prove dynamical localization through Theorem 2.1.3, it remains to show the
existence of an initial length scale estimate (2.1.5). As done previously, we aim to show the
existence of a gap in the spectrum of H, ; above Fy with good probability, such that we can
apply Combes-Thomas estimate inside the gap and obtain ILSE near Ey. We proceed as in
[KSS98, Section 4].

P(Vor>tV)=P(wy>t, VyeA,rNDy)=1—-P(Jatleast oney€ Ay N Dy 1wy <)

(4.4.7)
> 1— Az, N Da| puf0,1] (4.4.8)
>1—Cpyaliet, (4.4.9)

where we used the fact |[A, 1 N D] < Cm,de uniformly in z € R%. Now pick
t= m for some ﬁ € (0, 1) (4410)

Note that for L big enough depending on u, Cycp, 8, we have t < 1. Then
Cry.dc

P(wy>t, VyeAr) > 1—%. (4.4.11)

Since 7 > d/2, we can pick 3 such that % < 3 < 1 and therefore 267 — d > 0. This implies

c

]P)(VQ%L > tV) 2 1 - m,

(4.4.12)

where £ = 2067 — d. We denote this event by €y. For any w € g, since V, > 0, we have
H, 1 =Hor+ Ve > Hop+tVy, that is, inf o(H,, 1) > Ar(t). In particular, by the choice of ¢,

. 1
lnfO'(Hw’L) Z EO + ﬁ (4413)

We have shown that with a probability given by (4.4.12), there is a gap of size 1/L?? above
Ey in the spectrum of H,, 1.

Now, consider the interval [Ey, Ey + ar,/2], where
ar = —5=. (4.4.14)
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By the Combes-Thomas estimate (4.3.19), there exists constants ¢; and ¢y such that for any
FE e [EQ,EO + aL/2]

_ —B
T R p ()X sl < er D22t (4.4.15)

For L big enough depending on ¢y, ce, 5 we obtain ILSE at the bottom of the spectrum.
Analogously to the previous section, one can estimate how big the initial length scale L needs
to be in terms of the parameter of the model in order to start the MSA, using Theorem 4.3.3.

Consider the uniform Wegner estimate given by [RMV12, Theorem 4.11] for H,, j, restricted
to the box Ar(x) with Dirichlet boundary conditions (the Wegner estimate given by Theorem
4.2.1-(a) can be analyzed in an analogous way). The quantitative unique continuation principle
(see Appendix A.1, A.3) implies the following positivity estimate: for any open interval I C
[Eo, Eo + /2], where k = u_ Cycp,

1
PQyL(I)VPQL(I) 2 §/<.JP07L(I). (4416)

This enters in the constant Qs of the Wegner estimate as

C
Qw = (4.4.17)

for some constant C' depending on d, M, I (see (3.2.3), (3.2.24) in the proof of Theorem 3.2.1-(a),
or the proof of [CHK07, Theorem 4.1]). From Appendix A.1, we see that the constant Cycp
depends on the parameter R and, in consequence,

Qw = C' RCEY?, (4.4.18)

for some positive constants C’ depending on d, M, u, I, and  on Vp, I,d.

Now, according to Theorem 4.3.3 and condition (4.4.10), the initial length scale estimate L
must satisfy

Lo > (a1Qw)?? = (a2 R4 and Ly > (u_ RST*)1/20), (4.4.19)
where ay, ag depend on d, M, u, I.
Take 2 R4/3 R—1 2 A4/3
Lo = agR@rRam ¢ B7sen(B-1) g armm A (4.4.20)
for some constant A > 0 to be fixed. Let us write a5 = mg . Without loss of generality,

consider the case R > 1. moreover, from (4.3.24) and (4.4.15), L has to satisfy
agL2 < o2y (4.4.21)
where ag = ¢1(37290)9+2. Take A big enough, depending on d, 3,d, M,u, I, such that

QGA(2d+25)a5A4/3 < exp <62A62ea5(lﬁ)<44/3> ) (4422)

Since this inequality also holds for any number greater than A, in particular for AR, we get
(4.4.21).
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Chapter 4. Delone-Anderson Operators I

Therefore, there exist positive constants cs,cq4 and A, depending on d, M, I, u, Vj, 3, and an
energy F, given by
E, = Eg + cgR—ct B ?sen(R=1) g—eq A3 (4.4.23)

such that in any small open interval I C [Ey, E,), we can verify the hypotheses of Theorem 2.1.3,
and therefore I C X54.

4.5 Dynamical localization for a Delone-Bernoulli model

Consider a (r, R)-Delone set D and its associated Delone-Anderson operator H,, = —A+Vy+V,,
on L%(R%). The background potential Vj is bounded and V,, is a Delone-Bernoulli potential,
defined by (4.4.1), satisfying properties (v1) (4.1.2) and

(v4) (wy)~ep is a family of i.i.d. Bernoulli random variables, with common probability distri-
bution p such that

supp p = {0, 1}, (4.5.1)
Plwp=0)=p, Plw=1)=1-0, forsome e (0,1). (4.5.2)

We denote by Ey = inf o(Hy) = inf o(H,,) for a.e. w € Q.

Theorem 4.5.1.

1. In dimension d > 2, H,, exhibits dynamical localization at the bottom of the spectrum.

1. In dimension d = 1, there exists a positive constant C' depending on u, Vo and I such that
if
B<e CF (4.5.3)

then H,, exhibits dynamical localization in some interval I, at the bottom of the spectrum.

We can no longer use Theorem 2.1.3 as before since it does not hold for Bernoulli measures,
but instead we use results from [GK11] and proceed as done in [G08] for the case Vi = 0. We
need to prove that we can find a gap in the spectrum of H,, ;, above Ey with good probability
such that we can apply Combes-Thomas estimate and obtain ILSE near Ej.

Take K € N and decompose the cube Az (z) in (%)d smaller cubes of sidelength K, denoted
by Ak (j), where j € Jr for some index set Jr. The probability of finding at least one point
w~ € Dy in each cube Ag_95, (j) such that w, =1 is given by

L d
P(¥j € 7,3y € Ax—s,(j) N Do wy = 1) = 1 — (?) R K 20" (45.4)

where we used the fact |Ax _25,(j) N Da| > Cr, 4K? uniformly with respect to the center j. Take
one of these points in each cube Ag o5, (j) N D2, denote it by ~; and define the potential V7, as

Vi(x) = D ulz =), (45.5)

JjeEIL
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4.5. Dynamical localization for a Delone-Bernoulli model

so V has exactly one single-site potential in each cube A (j) whose support is at a safety distance
from the boundary of Ag(j), and can be seen as a Delone potential defined on a (24, K)-Delone
set. We have 4
L
P(V,>V)>1- <?> BORa K20, (4.5.6)

4.5.1 The case d > 2.

As in the previous section, consider Ar(t) = inf o(Hy 1) = inf o(Hy 1, +tVy). With a probability
given by (4.5.6) we have inf o(H,, 1) > Ar(1). In turn Theorem ?? applied to the Delone potential
Vi, of (largest) parameter K yields (see (4.4.6))

ian(H%L) > FEy+ K(K), (457)
where k(K) = u_Csryca(K), and the constant Csryc,q is defined in Appendix A.1. From
Theorem ?? we know that Csryca(K) =~ KK

We have proved that
L\* C K—25,)?
P (info(H, 1) > Fo+ k(K)) > 1 — <§> BCRa (K =20u)" (4.5.8)

Taking K = (log2L + 26,)Y/% ¢, for some € > 0, we see that for L larger than some £ =
L(d, 6y, 3, Ry, &) the probability in the r.h.s. is > 1 — L~¢ for some & > 0 and, moreover, there
exists a constant C' > 0 such that K < K = (log C’L)éﬂ. This yields a gap above Ej in the

spectrum of H,, 1, of size x(K), namely,

,{(f{) _ (logCL)—(%—I—e)(logC’L)%(%*e)‘ (4.5.9)

As done in the previous section, we apply the Combes-Thomas estimate in the interval [Ey, Eg+
x(K)/2). There exist constants c; and ¢y such that, for any z,y € R? with ||z — y| > L,

§(3+)

L
(4.5.10)

HXwa,Lo (E)Xa:” < 2¢1 (log CL)(%+e)(log2L)4/3 exp <_%(log C’L)*(ﬁJF%)(logCL)

In order to obtain a decay of the resolvent, it is enough to have % < 1, that is, d > 2, and
€ > 0 small enough such that % + % < 1. With this we can start the MSA from [GK11, BoK05|.

4.5.2 The case d = 1.

In dimension d = 1 we can use a unique continuation principle obtained in [KV02a|, where its
quantitative form is explicitly described in Appendix A.2. This gives the analog of (4.5.9),

Su
K(K) =u-Cyop(K) =u_-Sze 250w, K (4.5.11)

where the constant Cjs, v, g is defined in A.2.

81



Chapter 4. Delone-Anderson Operators I

Take K = % log L, for some positive constant N to be chosen later. Then, the analog of
(4.5.8) is

P (inf o(H, 1) > Eo + w(K)) > 1 — —2— . [1=c, (4.5.12)
' log L
where 1
c3:= NF~20R0u )= NCRQ llog 5] (4.5.13)

Here, Cgr, = R%, so in order to have ¢4 > 1, we need the following condition on the disorder

parameter [3:
B < e NIt (4.5.14)

in which case, the r.h.s. in (4.5.12) gives the probability we need to start the MSA from [GK11].

Now, we need to make sure that inside the spectral gap, Combes-Thomas estimate gives the
desired decay of the resolvent. With our choice of K, the size of the spectral gap above Ey for

Hw,L 18
Noy _2%uvoBo.p  Noy  _oc /N

_ = ¥ 7205, vy,E 4.5.15
10gLe " log L i ( )

Cycp(L)

Consider the energy interval [Ey, Eo + %C’UCP(L)]. By Combes-Thomas estimate, there exist
constants ¢; and cg such that

log L L
Iy Boo.L.(E)Xa|| < %LQC%VWE exp [ —e2VNS — | (4.5.16)
u VIog LL "
To obtain the desired decay, we need
Cs, Vo, E
1 — Z2wl0:2 - . 4.5.17
N (45.17)

Take N = 2C5, v;,p- Then (4.3.20) decays as L - e~L'*,
With this choice of N, the assumption (4.5.14) on the disorder parameter 3 becomes

3 < e 2Csuvo Bl (4.5.18)
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Integrated Density of States for
Delone—Anderson operators
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5.1 Randomly coloured point sets

In this chapter, we prove the existence of the Integrated Density of States (IDS) for the Delone—
Anderson operators introduced in Chapters 3 and 4, and its relation with their spectral properties.
Our results are obtained in the framework of randomly coloured point sets, using an ergodic
theorem obtained in [MR12] and under some geometric assumptions on the underlying Delone
set. In the case where the background Hamiltonian is the free Laplacian, we show that the IDS
exhibits a Lifshitz tails behavior at the bottom of the spectrum. To illustrate the importance of
the geometric properties required by D we conclude with an example of a Delone operator with
no IDS. Part of these results are contained in the article “Dynamical localization for Delone-
Anderson operators” [GMRM], in preparation.

For the convenience of the reader, we recall the framework of dynamical systems for randomly
coloured point sets and state the version of the ergodic theorem from [MR12| that we need in
our setting. We first recall the definition of a Delone set.

Definition 5.1.1. A subset D of R? is called an (r,R)-Delone set if it is

e uniformly discrete: there exists a real r > 0 such that for any cube A, §(DNA,) <1, and

e relatively dense: there exists a real R > r > 0 such that for any cube Ag, (D NAgr) > 1,
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Chapter 5. The IDS for Delone—Anderson operators

where ff stands for cardinality.

Consider the base space M = R¢ and the Abelian group T = R? acting on M through the
translation «,
a:TxM— M, o(r,y) =x+~ (5.1.1)

The action is continuous if and only if the map «(z, m) = (x +m) is continuous with respect to
the product topology on T x M and it is said to be proper if the application a(-,m) : T — M
is proper, that is, pre-images of compact sets are compact. We say that a group action « is
transitive if for every m,m’ € M, there exists x € T such that m + x = m’ and it is free if for
any x € T and m € M the property x + m = m implies = e, where e is the neutral element in
the group T. With the choice of M = T = R¢, as locally compact, second countable topological
spaces, « as defined above is clearly transitive, free and proper, and the Euclidian metric dist
generating the topology in R? is T-invariant and proper. Therefore, this choice of base space
M, topological group T and action « satisfies all the requirements in [MR12, Section 2| (see
Assumption 2.1 and Example 2.5 therein).

Note that the Lebesgue measure is inversion invariant with respect to the group 7', that is,
for any measurable function we have

/ f(—z)dz = / f(z)dz, and in particular, |-S| =S| for S C T, (5.1.2)
T T
where —S ={z € T : 3s € S s.t. z + s = 0}. In this context, T" is called unimodular, which is

needed to apply [MR12, Theorem 3.11].

We denote the collection of all subsets of R? which are uniformly discrete of parameter r by

P, (RY).

Definition 5.1.2. We define the vague topology on P,(R?) as the weakest topology such that
the function f, : P.(RY) — R defined by f,(P) = Z ©(P) is continuous for every ¢ in C.(R?).

peEP
This topology can be seen as generated by the metric given by

d(P, P') := min {% inf {P N Bi(m) C (P)c and PN Bi(m) (P)E}} , (5.1.3)

for some fixed m € RY, where B,(z) is the ball of radius a around 2 € R% 1In the r.hs. of
(5.1.3) we use the notation (A). := {m/ € R? : dist(m’, A) < €} for the thickened version of a
set A C RY

The set P,.(R%) is a compact space with respect to the vague topology (see [MR12, Proposition
2.6])

Definition 5.1.3. For D C R% a Delone set, we define its closed R%-orbit as

Xp:={x+D:zcRi} CP(RY), (5.1.4)
where z + D := {z + v : v € D} and the closure is taken with respect to the vague topology.

In particular, the orbit Xp is compact with respect to this topology. We denote an arbitrary
element of Xp by P.

84



5.1. Randomly coloured point sets

The induced translation action ax, on Xp,

ax, T'xXp— Xp
a(z,P)=x+ P for Pe€ Xp,

is continuous. The triple consisting of Xp, the group R? and the action ax, constitutes a
compact dynamical system.

Now, consider a Borel-measurable subset A C R as colour space . For a relatively discrete
point set P € P,(R?%), we introduce the product space

Qp =) A, (5.1.7)

peEP

of its possible colour realizations w = (wp)pep, where wy, € A for all p € P. Define the randomly
coloured point set P¥ with colour realization w € Qp as

“:={(p,wp) : p € P,w € Qp}, (5.1.8)

belonging to the coloured orbit

Xp:={P*:PeXpweQp}={z+D: zecRd}, (5.1.9)

of a Delone set D € P,(R%). The sets equality in the r.h.s. is proved in [MR12, Lemma 3. .6].
The product space R? .= R x A equipped with the product topology is a base space for Xp.
The induced continuous translation & : T x RY — R% acts on Xp as #+ P¥ = (z+ P)™©) where
Tz(w) is defined by

Qp — Quoyp

. 5.1.10
(Wplper +—  (Wp)atpestp ( )

Ty -

This means that the colour w), is translated along with p. Furthermore, the closure in the r.h.s.
of (5.1.9) is taken with respect to the vague topology on the space of relatively discrete coloured
point sets C.(R%) := {P¥ : P € P,(R%),w € Qp}. This is the coarsest topology such that for
every function ¢ € Co(R%) the map C,(R%) 3 P¥ — > pep P(P;wp) is continuous.

The above defined translation of a coloured point set is a continuous map on C,.(R?%) [MR12,
Lemma 3.6], and the coloured orbit Xp is compact in the vague topology for every (r, R)-Delone
set D C R? [MR12, Prop. 3.5]. We note that the triple consisting of Xp, the group R% and
its continuous translation action on Xp is a compact topological dynamical system. Given any
point set P, let A be the Borel o-algebra on A and let P be the Borel probability measure on
(A, A). We consider the product measure

Pp = Q)P (5.1.11)
peEP

acting on (Qp, Ap), where Ap is the product Borel o-algebra on Qp. It follows from [MR12,
Lemma 3.9 (i)] that the family (Pp)p.y  satisfies the properties:

i. Re- covariance: Poip=Pp® T;l for all z € R% and all P € Xp.

ii. Independence at a distance: There exists a length p > 0 such that for every P € Xp and
every By, By C M with dist(Bi, B2) > p the local o-algebras Ap|p,, Ap|p, are indepen-
dent.
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Chapter 5. The IDS for Delone—Anderson operators

iii. Compatibility: For every continuous function f on Xp the colour average By : Xp — R,

B(P)i= [ f(P)dBp(w) (5.1.12)

is a measurable continuous function on Xp.

An increasing sequence of non-empty compact subsets (Ar)ren of R? such that UpAp = RY
is called a Fylner sequence if, for every compact K C R? we have

54,
lim =0 5.1.13
L—oo |AL| ( )
where 6% is the symmetric difference of Ay,
68 = (K +A)\AU (K +A)°\ A, with A°=R?%\ A, (5.1.14)

and K + A, ={k+2: k€ K and x € Ap}. Moreover, it is called tempered if there exists a
constant C' > 1 such that for all L € N we have

L-1

ﬂAL—Ak

k=1

< C AL (5.1.15)

In the following we consider a sequence of concentric cubes A, 1 of sidelength L centered in
z € R?, that exhausts R? when L tends to infinity. This sequence, used to define the finite-
volume versions of Hamiltonians in the previous chapters, is a tempered Fglner sequence. For
z =0, we simply write Ar,.

Remark 5.1.4. In the literature of Delone dynamical systems, definitions are often expressed in
terms of wan Howe sequences, which is a slightly more restrictive notion. With our choice of
the base space and the topological group acting on it, the sequence of cubes (Ar)ren is both a
tempered Fglner and a tempered van Hove sequence.

Before we state the version of the ergodic theorem [MR12, Thm. 3.11] that we need in our
setting, we remark that on every compact topological dynamical system there exists an ergodic
Borel probability measure, cf. [Wal82, Section 6.2]. If this measure is unique, then the dynamical
system is called uniquely ergodic.

Theorem 5.1.5. Let D C R¢ be a Delone set and let n be an ergodic Borel probability measure
on Xp. Then there exists an ergodic probability measure fi on Xp, which is uniquely determined
by 1, such that the following holds.

(i) For every f € L'(Xp, i) we have

Caeyaur) = [ ([ reaee ) aur) (5.1.16)
Xp Xp Qp
(ii) For every f € L"(Xp, i) the limit
Lliir;o% [ S Pyae= [P di(Pe) (5.1.17)

exists for fi-a.e. P% e Xp. Moreover, if Xp is even uniquely ergodic and if f is continuous,
then the limit (5.1.17) exists for every P € Xp and for Ps-a.a. © € Qp.

86



5.1. Randomly coloured point sets

The ergodic theorem will be most useful in the uniquely ergodic situation and for continuous
f. In this case the limit in (5.1.17) exists for P = D, the Delone set we started with, and for
Pp-a.e. © € Qp.

The relation between the geometric properties of D and the ergodic properties of Xp has been
widely studied in the literature (see [MR12, Section 2.3|, [LP03|). To understand the conditions
a Delone set has to satisfy in order to obtain the optimal result from Theorem 5.1.5, we recall
some relevant notions from the theory of Delone dynamical systems (DDS):

Definition 5.1.6. i) Given a Delone set D € P,.(R%), any finite subset @ C D is called a
pattern of D, the compact subset A C R% such that Q = AN D is called the support of
@, and Q is also called an A-pattern. Two sets A, A’ C R? (resp. two patterns Q, Q') are
called equivalent if there exists © € R? such that x + A = A’ (resp. z 4+ Q = Q').

ii) We say D is of finite local complezity if for every compact set A C R?, there exists a finite
collection of patterns, denoted by JF, such that every pattern of D with support equivalent
to A, is equivalent to some pattern in F. That is, for any given compact set A C R?, there
are finitely many A-patterns in D.

iii) A Delone set D of finite local complexity is called linearly repetitive if there exists a constant
C such that for all R > 0, the ball of radius CR in D, Bcr N D, contains every possible
Bpr-pattern.

iv) Let (AL)Len be a sequence of concentric cubes of sidelength L in RY. We define the pattern
frequency of @ in D as the following limit, if it exists,

n(@) = lim HQCD:3we(CA) st 2+ Q=0

L—oo ’AL‘

(5.1.18)

that is, the number of equivalent patterns of @ in D per volume converges (it is known that
is quantity is always bounded, so the question is to know whether the equality liminf =
limsup holds [MR12, Lemma 2.25]).

v) We say that D has uniform pattern frequency if for any pattern Q C D the sequence

er(Q) _ HQC D : Iy e (@+AL) st y+Q=0} (5.1.19)
|AL| |AL|

converges uniformly with respect to € T', when L goes to infinity. Moreover, we say that
D has a strict uniform pattern frequency if this limit is strictly positive.

If D is of finite local complexity and has uniform pattern frequencies, then Xp is uniquely
ergodic [MR12, Proposition 2.32], so we have the following corollary

Corollary 5.1.7. Let D be a Delone set of finite local complexity and with the property of uniform
patter frequencies. If the function f in Theorem 5.1.5 is continuous, the limit in (5.1.17) exists
for every P € Xp and for a.e. w € Qp.

Remark 5.1.8. In particular, with our choice of M =T = R% and «, if D is linearly repetitive,
then it has strict uniform pattern frequencies [LP03, Theorem 6.1], and the previous Corollary
holds .
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Chapter 5. The IDS for Delone—Anderson operators

5.2 Existence of the IDS for the Delone—Anderson model

Given a coloured Delone set C,.(R%), consider the Hamiltonian
Hpw = Hy+ Vpe on L2(R%), (5.2.1)

The background operator is either Hy = —A or, if d = 2, we also allow for the Landau Hamilto-
nian with constant magnetic field B > 0 defined by

B
Hy=(—iV —A)? with A = 5 (2, —21). (5.2.2)
The random potential Vpw is defined by

Vpw = Z wyu(z — ), (5.2.3)
yeD

where (wy)yep are independent identically distributed random variables of common probability
distribution p with suppp = [0, M], for some fixed M > 0. The single-site potential satisfies
property (v1) (4.1.2). Then, Hp. can be seen as a function of a randomly coloured Delone set
D¥ € Xp with colour space A = [0, M], in the context of Section 5.1.

We write Pr(Hpw) := X(—occ,5)(Hpw) for the spectral projection associated to Hp« in the in-
terval (—oo, ] C R, where ¥ € R. Since Hpw is lower semi-bounded, Pr(Hp«) = X[g,,£](HD)
where Ey = info(Hpw) > 0. More generally, consider a continuous and compactly supported
function F' € C.(R). For our choices of Hy and the scalar random potential Vpw, the operator
F(Hpw) XA, is trace class for every z € R? and L > 0, where XA, stands for the characteristic
function of the cube A, ;. Moreover, it follows from [BrLM04, Thm. 1.14(i)] that this operator
has a bounded continuous integral kernel f(Hp.) € C(R? x R?) NL>°(R? x RY) for almost every
w € Q. Its trace is given by

tr (F(Hpe)ya.,) = /A F(Hpo)(z, ) dz, (5.2.4)

which follows e.g. from [BrLMO04, Cor. 1.16 and 1.18].

We say that a Delone set D C R? is uniquely ergodic, if the associated dynamical system Xp
has this property.

Theorem 5.2.1. Fiz F € C.(R) and consider a uniquely ergodic Delone set D C R%. Then

there erists a measurable subset Q0p C Qp (depending on F') of full probability, Pp(Qp) = 1,
such that for every & € Qp and every z € R the limit

lim st (F(Hpe)xa,,) = [ F(Hp)(0,0)d(P)

L—o0 XD

- [ ( [ sttt 0.0) wrl) ) au(r)  (525)

exists and is independent of & € Qp and z € R%. Here, W is the unique ergodic measure on the
compact uncoloured orbit Xp and [i is given by Theorem 5.1.5.

88



5.2. Euxistence of the IDS for the Delone—Anderson model

Proof. Let {U,} be the family of unitary operators on L?(RY) associated to translations by
a € RY that is, U, := ¢(- — a) for every 1 € L?(RY). (In the case A # 0 we use magnetic
translations.) Recalling the shifts on the probability space (5.1.10), we find

UaHDwU; - H(a+D)TG(“’) - Ha+Dw, (526)
and thus F(H,ypw) = U, F(Hp«)UZ. In turn, this implies
f(Haype) = f(Hpw)(- — a,- —a) (5.2.7)

for the integral kernels, and in particular f(Hpw)(z,2) = f(H_z4p)(0,0) for every z € R
Now we define the map Xp 3 P¥ — ®(P¥) := f(Hp)(0,0). We conclude from (5.2.4) that

tr (F(Hpe)XA,.1) :/ ®(x + D¥) dx. (5.2.8)

A—z,L

By Lemma 5.2.2, below, the map ® is continuous. The claim for fixed z € R? now follows from
Theorem 5.1.5.(ii). To complete the proof we note that the choice of z € R? does not affect
the convergence because the function R? 5 z +— ®(x + D*) is bounded and because for every
2,72 € R? the Lebesgue volume of the symmetric difference A1 & Ay g behaves like O(L%1) as
L — oo. O

Lemma 5.2.2. Let f(Hpw)(x,y) be the continuous bounded integral kernel associated to the
operator F(Hpw), for F' € C.(RY). The map ®(P¥) : Xp — R defined by ®(P) := f(Hp)(0,0),
18 continuous on Xp.

Proof. As F satisfies the condition [BrLM04, Eq. 1.20] for some constants v, 7 €]0, co[ depending
on || F||s and supp F', we have that the kernel f(Hp.)(0,0), for a fixed P“ is given by the formula

F(Hpo)(0,0) = (k'™ (-,0), 2P P(Hpo )k (-,0)), (5.2.9)
for an arbitrary ¢ €]0,7/2[, where

2
o—lal? /2t

Hpw e
k7o (-,0) = (2nt)i2

/ §0% (db)e S (AVeab), (5.2.10)

Here S; is the Euclidian action functional defined in Appendix A.4, together with a recall of the
framework of [BrLMO04].

Take an arbitrary element Q¥ € Xp, and a sequence {P¥,, := (P,)*" Fnen C Xp that con-
verges to Q in the product topology of Xp. Write

Hn:HO‘{'VP;;a H:Ho—i—VQa;. (5.2.11)

Now, since Vpw, satisfies the required properties in [BrLM04], uniformly on n and kf(-,0) €
LY (RY) c L% (RY) (see [BrLMO04, Eq. 1.7]), then (see [BrLMO04, Theorem 1.10]),

kL (-,0) € D(e*Hm)  wn, (5.2.12)
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Chapter 5. The IDS for Delone—Anderson operators

we then have, using the Cauchy-Schwartz inequality,

F(H)(0,0) = F)(O,0)] < [(kf" (-,0), 2 F(H) (f™ (-,0) = kf(,0)))
+ (kT (-, 0), (2 F(H,) — T F(H)) k(- 0)>‘
< {0l e P CH) | 5, 0) = K (,0)]
1K 0) 2 1| (¢ F(H,) = 2 F(H)) K (,0)]l2 - (5:2.13)

In order to show the r.h.s. tends to 0 as n tends to infinity, note that

i. From (5.2.10) we see that if v_(P¥) := infd Vpe(z), then we have the bound
zeR

i < TP e

In our case, v_(P¥,) = 0 uniformly in n, and therefore ||k (-,0)||2 < oo, for all n € N.
ii. The operator 2" F(H,) is bounded for all n € N, since F has compact support.

iii. The fact that || (" F(H,) — > F(H)) k" (-,0)||]2 — 0 as n goes to infinity comes from
the convergence of these operators in the strong resolvent sense.

It remains to show that e?"F(H,) — e F(H) in the strong resolvent sense and that
|kFn(-,0) — EF(-,0)])2 tends to zero as n — oo.

Strong Resolvent Convergence of e?!» [(H,,).

Since €2 F(x) is a bounded and continuous function on R, by [RSI, Theorem VIIL.20] it is
enough to prove that H,, converges to H in the strong resolvent sense, that is,

lim || (Rg, (2) — Ru(2)) ¢l =0, VYo €L*(RY), Tmz # 0, (5.2.15)
n—oo
By [RSI, Theorem VIII.19], it is sufficient to prove this for a fixed z € C with Imz # 0 and
for p € C(R?), since C°(RY) is dense in L?(R%), and noticing that all operators Ry, (z) are
bounded by 1/ |Imz|.

Consider a function ¢ € C®(R?), then there exists ng € N such that suppy C B, and
XB,, ¥ = ¢, where xp, is the characteristic function of the ball B, C R? (since these results
are uniform with respect to the center of the ball, we omit it from the notation). Take the
sequence P¥, approximating Q%, such that

1
distg,, (P, Q%) < —, Vn >no. (5.2.16)
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5.2. Euxistence of the IDS for the Delone—Anderson model

We then have, taking m = n + ng, for some n € N,

| (Rrn (2) = Ru(2) ] < |11 1 (Voo = Veen) Rar(2)¢l (5.2.17)
\Imzy I (Ve = Vee,) (X8, + x8;,) Bu(2) Buo#| (5.2.18)

= ITm ,2” (Voo = Vee,) XBulloot (5.2.19)

|Im |” (Voo = Vie,) x5, R (2) Buo || (5.2.20)

To estimate the first term in (5.2.20), notice that (5.2.16) with dist == max{distx,, dista}
implies
- 1 1
distx,, (P, Q%) < — and  dista(wm, @) < —, (5.2.21)
m m

where A = [0, M] is the colour space, and max{||wm|/co, [|w|lcc} < M. Therefore,

Y€QNBm jEPmNBm
<l Do @y —wmgule = 7)lleot (5.2.23)
YEQNBm,
I wmjlul@ =) —ul@ =)l (5.2.24)
yEPNBm,
1
<—+M  sup Ju(r—7) —u(@ - j)l, (5.2.25)
m ]E(Q)l/mmBm
'ye(Pm)l/mmBm

where we used the definition of distx, and that || Zu( — Moo < 1. If we assume that u is

S
continuous in some neighborhood of the origin, the second term in the r.h.s. of (5.2.32) will

decay as C'/m.
As for the second term in the r.h.s of (5.2.20), the Combes-Thomas estimate yields

2M
5 — Vpu . B, || < ——¢c2V/IImz|n 5.2.26

Replacing (5.2.32) and (5.2.26) in (5.2.20) and taking n (and therefore m)— oo, and recalling
that this can be done for every ng, we obtain

lim || (Rg, (2) — Ru(2)) ¢l =0, VYo CP(RY), Tmz # 0. (5.2.27)

L?-convergence of k/'"(-,0).

2
I8 (. 0) = k00 = [ [k (0.0) ~ k1,0 do (5.2.28)
Rd
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Chapter 5. The IDS for Delone—Anderson operators

Using the expression (5.2.10) we have

[ /(2¢)
ki (2,0) — k{! (2,0)| < B(QW / pt(db) | e S AV b) =S4 Vme)‘
T
< e—l@l”/(2t) 0.t ¢ ab) | =50,V :b) —e_St(O’V ) . 5 999
< ampyaz | Haold) (5.2.29)
7T K

Now we use the inequality |e* — e*'| < |z —2/|e™{=*'} for all 2,2’ € R plus the fact that
max{||Vps|loo, [[Vgz I} < M, and obtain,

/2&@1 SOVt S@%w\s/%oﬁkaowwwmwu%awm\
:eMt/Mxo (db) |S¢(0, Vps — Viga; b)|
< eMt/,%o (db) | 5:(0, (Vi — Vigs) ©(n — |2]):D)]

+e /Mxo (db) |Si(0, (Vey — Vs ) O(|z| — n);b)|
(5.2.30)

where we used the Heaviside function notation from [BrLMO04]. Note that for n big enough we

have (see (5.2.22))

| (Ve — Voe) O(n — [al)lloe < . (5.2.31)

n
Then the first term in the r.h.s. of (5.2.30) is bounded by

(5.2.32)

S e

/uxo (db) | 5:(0, (Vi — Vigs) ©(n — |2]):b)| <
As for the second term in the r.h.s. of (5.2.30), the proof is similar to that of [BrLM04, Lemma

2.2]. One uses O(|z| — n) = @({%‘ -1) < ‘2—'22 together with the boundedness of both Vp. and
Ve to conclude that

[ 5 510, (Vg = Vo) ©(lal = mpst)| < 2 [ubian) [asipi)t. (5239

Standardizing the Brownian bridge according to b(s) = t'/2b(s/t) +x — xs/t, we see that Fubini’s
theorem yields

oM -
- ug:gub)/ ds |b(s) /du/ O-L(db) [t/ %b(u) + = — zul? (5.2.34)

n2
< 4Mt/ /:“00 (db) t|b W) + |z2(1 +u )) (5.2.35)

AMt 16Mt
< — ( / du/ (db)|b(u >+W|x|2. (5.2.36)

(5.2.37)
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5.2. Euxistence of the IDS for the Delone—Anderson model

In the last inequality, by writing |b(u Z |b (u)[?, the first term can be bounded by dt
1<j<d

using the variance of the components l;j(u), 0 < j < d, which is bounded by ¢ for all j (see

Appendix A .4).

Recalling t €]0, 7 /2], we have the following bound,

C(M T)

/MN (db) | 5:(0, (Vi — Vigs) ©(J] — n):b)| < (14 |2f?), (5.2.38)

for some constant C(M,7) depending on M and 7. Plugging this together with (5.2.32) into
(5.2.30) gives, for (5.2.29),

(14 |z|?), vt €]0,7/2] (5.2.39)

‘ e—lz*/(2t) C'(M, )

Hy,
‘k (2,0) -~ k' (z (27t)4/2 n

(1+ |z]?)?, (5.2.40)

2 elal’/t C'(M,T)?

Hn H )

K (@,0) = K@ 0)]| < o =

for some constant C’(M, 1) depending on M and 7. Since the r.h.s. is in L?(R%), we have
that for fixed ¢ and n,

C"(M,T,t)?

AL (5.2.41)

2
I8 (.0) = k0N = [ [k .0~ k0o < S
R4

for some constant C”(M, 7,t) depending on M, 7 and ¢. Taking the limit when n goes to infinity
gives the desired result.

The convergence of the functions k/™(-,0) in L2(R%) plus the convergence of operators
e?n F(H,) in the strong resolvent sense in (5.2.13) implies that

i |£(H,)(0,0) — f(H)(0,0)] =0, (5.2.42)
that is, the kernel f(Hp)(0,0) is continuous on Xp. O

Because of the regularity of Vpe, for z € R% and L > 0, the expression

1
ﬁtr F(HDw)XAZ’L (5243)

is a well defined continuous positive linear functional on C.(R), see e.g. [HO8, Section 2.4.2]. By
the Riesz representation theorem, it defines a measure that we denote by nfz,

w 1
/RF()\)dngL = Etr F(HDw)XAZ’L. (5244)

Definition 5.2.3. For z € R4, L > 0, E € R and D“ a coloured Delone set we define the
finite-volume integrated density of states

. 1
v (E) = —gtr (Pe(Hpe)xa.,) - (5.2.45)
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Chapter 5. The IDS for Delone—Anderson operators

Note that VZDZ(E), also called the finite-volume eigenvalue counting function, corresponds to
the distribution function of the measure n;, by the relation n?; ((co, E]) = vP; (E). When

there is no place for confusion, we drop D“ from the notation.

We have the following

Theorem 5.2.4. Let D be a uniquely ergodic Delone set. The limit of the finite-volume integrated
density of states VZDZ(E) exists for Pp-a.e. w € Qp and for all E € R except at most countably

many. The limit is called the integrated density of states and is given by
v(E) = / pe(Hp-)(0,0) da(D*) (5.2.46)
Xp

Proof. Theorem 5.1.5 ensures that for any F' € C.(R), f(Hp~) the integral kernel associated to
the operator F(Hp), and every z € R? we have

lim [ F(\)dn?; = / f(Hp)(0,0) dji(D%). (5.2.47)
L—oo Jr ’ R

for every @ in a set of full Pp-probability Qg that might depend on F. The r.h.s. of (5.2.47)
defines a measure n such that

/ F(Ndn = lim [ F(\)dn?;, (5.2.48)
R

L—oo JRr %

for every @ € Qg. It remains to show that this holds in a set of full Pp-probability independently
of F' € C.(R).

Take a dense subset Cj in C.(R) in the uniform topology (which is possible since C.(R) is
separable), and take
Qo= () 2. (5.2.49)
FeCo

Since this is a countable intersection of sets of full measure, {2y is a set of full measure in Qp.
We have that (5.2.48) holds for every element in Cy. Now, take any F' € C.(R) and a sequence
(Fm)men in Cp such that F,,, — F' in the uniform norm. Let us denote by n(F), n r(F) the
integral of F' with respect to the measure n and nZDZ respectively. By adding and subtracting
terms we can show that, for every w € Qg, 7

10,1 (F) = n(F)] < 14, .(F) = 1o, 1. (Fon) | + 16,2 (Fi) — n(Fo)| 4 [n(Fn) = n(F)[ . (5.2.50)

Now, both tr (F(Hp«)xa) and (f(Hp«)(0,0)) are continuous functions in F'. Indeed, for the
former, see e.g. [HO08|, as for the latter, is given by the integral over a space of measure 1 in
(5.2.10), where the internal product is continuous. Taking the limit as m goes to oo we see that

the first and third term in the r.h.s. tend to 0, as for the second term, we take L — oo and use
Theorem 5.1.5.

Thus, we have shown that the measure nzDZ converges vaguely to n for Pp-a.e. w € Qp.
Since Hpw is a lower semi-bounded operator, the supports of nfz are uniformly bounded
below, and so
lim  lim nl;((—oo, E]) =0 (5.2.51)

E——o00 L—o0

94



5.2. Euxistence of the IDS for the Delone—Anderson model

then, by a criteria for convergence of distribution functions of measures [HLMWO01, Proposition
4.3], for all E € R, except at most countably many, we have

Lh_r)réO ng(E) = ngr;OnQZ((—oo,E]) =n((—o0, E]) = v(E). (5.2.52)

This shows that the distribution function of nfz, that is, the finite-volume integrated density of
states converges to the distribution function of the measure n, that is,

v(E) = /X pE(Hpe)(0,0)dp(P2). (5.2.53)
]

We call n, the density of states measure (DOS). With Theorem 5.1.5 we can prove properties
for n(E) that hold for the DOS measure in the ergodic case. Under a condition on the finiteness
of the colour pace A, we have

Theorem 5.2.5. Let D be a Delone set with finite local complexity, strict uniform pattern fre-
quency and let A be a finite colour space. Let Hpw be its associated Delone—Anderson operator,
where the single-site probability measure has an atom in each point of A. Let n be its density of
states measure. Then,

supp n = o(Hpw), Yw € Qp, (5.2.54)

where suppn is the topological support of the measure n. As a consequence, there exist subsets
Y pps Bac, 2se C R such that
U.(HDw) =Y. YweEp, (5255)

where e = pp, ac, sc.

Proof. This result was proven in the discrete case in [MRO07, Lemma 6.3]. The same arguments
follow in the continuous case taking care of approximating the function x;(Hpw) properly and
using a sufficiently smooth cut-off function to obtain an orthogonal sequence of compactly sup-
ported functions. To illustrate where the geometric assumptions on D are needed, and for the
convenience of the reader, we sketch the main steps of the proof.

Fix an open interval I C R. We aim to show that if there exists P € Xp and w € Qp such
that for any z € R?, tr x1(Hpe)xa,, > 0, then n(I) > 0. Since D is uniquely ergodic, this
implies the same statement for every P € Xp and Pp-a.e. w € Qp, in the same lines of proof of
[MRO7, Lemma 6.3]. The converse statement follows from the definition of n (see also [MRO07,
Lemma 6.3]).

Let E € I be in the spectrum of Hpw, € := dist(&£,R\ I) and § € (0,]). Take ¢ €
Ran x(g—s+s)(Hpw) # 0, then

| (Hpe — E) || < dlol|. (5.2.56)

Define ¢ := hs(x)p(x), where h = hs € C°(R?) is such that hs = 1 on the cube Ap C R? of
sidelength R, and max{||Ahs||ec, 2||Vhs||eo} < 6. We have

| (Hpe — )3l < 26| (5.2.57)
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Chapter 5. The IDS for Delone—Anderson operators

Let K C R? be the smallest compact set such that dist(R? \ K,supp @) > 6,, where 6, is the
radius of a ball containing the support of the single-site potential u in Vpw, see (4.1.2). Denote
by Gg := P N K the pattern in P associated with K. Because of the strict uniform pattern
frequency property, we know that G is repeated in P infinitely many times, that is, we can find
a sequence (vj)jeng, j € No, v; € RY, vy = 0, such that G; := PN (K +v;) = Gy + vj. For
each G, there are at most finitely many patterns G that overlap with G;. By dropping the
overlapping terms, we extract a subsequence from (v;), say (v;/) for j € Njj C Ny, such that the
patterns (Gj/); are pairwise disjoint. Denote by 7, (Gg) the number of translated copies of Gy
in Az, that do not overlap, that is, 7r,(Go) = ${Gy C P : Jvuy € Ap s.t. Gy = Go +vjr}. We
still have

. 71(Go)
lim =:n>0, 5.2.58
o A (5.2.58)

For the sake of notation, in the following we just write j for j/ € Nj. Consider the translated
functions ¢; := @¢(z — v;), for j € Nj. We have that supp@; C K; := K + v; are pairwise
disjoint, so (@j)jeNg is an orthogonal sequence.

Recall that we consider i.i.d. random variables and a compactly supported single-site po-
tential in the definition of the Delone-Anderson operator. Moreover, by hypothesis, the colour
space A is finite, and the single-site probability measure has an atom in each point of A, i.e.
P(a) > 0, Ya € A. Then, for the colouring of the patterns G; we have that the events

Aj = {(:J €Op : (:Jervj = Wp, Vp € G]'}, (5259)

that represent a repetition of the colouring of G in the pattern G, are all independent. Because
of the R%covariance of the probability measure and the assumption on the single-site measure,
Pp(A;) =Pp(Ag) > 0, for all j € Nj,. By the strong law of large numbers we have

1
lim ——— (@) :=Pp(Ag) >0 5.2.60
Jim s 3 wa, (@) = Be(do) (52.60)
JENG
K;CAp

for Pp-a.e. w € Qp.

Now, take a function F' € C.(R) such that supp F' C I, F' < x1 and

€ €
Flit = X1(e,  for I(€) = (E — 5 B+ 5) cl (5.2.61)

We use F' and Theorem 5.1.5 to obtain a lower bound on n(I),

n([):/X[an Fdn = lim
R R

oo AAL 5.2.62
L—oo ‘AL‘ ( )

for Pp-a.e. w € Qp. Now, take © € g, where Qg is a set of full probability for which (5.2.60)
and (5.2.62) hold. Then we can proceed as in [MRO7]| and obtain a lower bound for the trace of
F(Hpw)xa, by expanding it in the orthogonal sequence (;);. We obtain,
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5.2. Euxistence of the IDS for the Delone—Anderson model

. -
trF(HP“)XAL > Z |’¢“2<¢j7F(HP‘7’)(Pj>
jEN,
KjCAL
X4, (@) 5
Z W(@%F(HP@)@]'> (5.2.63)
J€ENy 4
KjCAL
x4,(@) .
> W(sﬁj,xf(e)(ffpw)@ﬁ (5.2.64)
jeny ¥
KjCAL

where in the last inequality, we used that x;) < F. The internal product in the r.h.s. of (5.2.64)
can be bounded below as in [MRO07, Eq. 6.13], that is,

(B, X1(e)(Hpa)35) = |85 11* = lIxw\1() (Hpa ) 3511 (5.2.65)

€

> 1617 = (5) IHps — B) 1% (52:66)

For @ € A;, we have
I(Hps — E)3;|* = [[(Hps — E)p;|* < 48%||oo* = 48%(|5]1*. (5.2.67)

Combining this, plus (5.2.60) and (5.2.58) in (5.2.63), and plugging an appropriate factor 71 (Gp),
we can separate the limit into a pattern frequency part times a mean randomness part:

2N\ . 7iL(Go) 1 -
n(l)>11—-16— | liminf - = (@ 5.2.68
(1) (1-16% ) tymint | 2E0) PIRE (5:208)
K]'CIQL

52
> <1 - 166—2> nPp(Ap) > 0.

O

Remark 5.2.6. In the case where the Delone dynamical system Xp is not uniquely ergodic,the
integrated density of states v(FE) exists for p-a.e. P € Xp and Pp-a.e. w € Qp. In this case,
the support of the density of states measure suppn = o(Hpw) for p-almost every P € Xp and
Pp-almost every w € Qp.

Now, define a measure ﬁfz as the finite-volume operator version of ngz: For any F' € C.(R),
_pw 1
F(\)dnly = Tatr F(Hpe|a. ,) (5.2.69)

where Hpu| A 18 the restriction of Hpw to the cube A, ;, with self-adjoint boundary conditions.
Its distribution function ﬁEZ(E) = ﬁgz((—oo, E]) is defined by

_pw 1
voL(E) = Tatt Pe(Hpela. ,) (5.2.70)
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Chapter 5. The IDS for Delone—Anderson operators

Since Hpw|a, , has discrete spectrum, these quantities is well defined.
The behavior of limit of the distribution function of 7} (E) as L goes to infinity and how it
is related to I/?Z(E) and v(E) is given by the following

Proposition 5.2.7. For every E € R, any z € R?,

lim 7 (E) =v(E), for Pp-a.e. we Qp, (5.2.71)

L—o0

where v(E) is the integrated density of states defined in Theorem 5.2.4.

Proof. By Theorem 5.2.4 we know that nfz converges vaguely to n, for Pp-a.e. w € Qp. On
the other hand, [HO8, Lemma 2.15]| gives

lim
L—oo

=0, (5.2.72)

/RF()\)dﬁZ7L_/]RF()\)dHZ7L

for every F' € C.(R). Therefore, n.  converges vaguely to n as well. Since Hpw is a lower
semi-bounded operator, the supports of 7, ;, are uniformly bounded below, and so

lim lim n, ((—oc, E]) = 0. (5.2.73)

E——o00 L—oo

Then, by a criteria for convergence of distribution functions of measures [HLMWO01, Proposition
4.3], for all E € R we have

lim 7. 1(E) = lim . 1((—o0, E]) = v(B) = n((~o, E]). (5.2.74)

O

Since the convergence results for TLE,Za ﬁfz hold for any z € R% and for every P € Xp,
under the stated conditions on D, we simplify the notation and write ny, ny. We also use
indistinctively the expression a.s. to denote "for Pp-a.e. w € 2p” and €2 to denote {2p, when no
confusion arises.

5.3 Lifshitz Tails

Recall that for Hpe the operator defined in (5.2.1) with Hy = —A and Vpe defined by (5.2.3),
satisfying (4.1.2), with supp p = [0, M], M > 0 and the additional assumption on the probability
distribution p,

p([0,€]) > Cpe*,  for some C,,a > 0. (5.3.1)

Then o(Hpw) = [0,400) a.s. and we have the following

Theorem 5.3.1. Let Hpwo = —A + A\Vpe with Vpe defined in (5.2.3) and D a Delone set with
finite local complexity and strict uniform pattern frequency. Then, its integrated density of states
v(E) exhibits Lifshitz tails at the bottom of the spectrum.
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The proof, as in the case of a periodic Delone set, relies on the Neumann—Dirichlet bracketing
of v in terms of the finite-volume eigenvalue counting function 77, (E) with Neumann and Dirichlet
boundary conditions. It is enough to find upper and lower bounds for the functions vy (F)
in average over Xp since, from Weyl asymptotics, for any L € N and P¥ € Xp we have
0L(E)| < CEY? =: g(E), where g € LY(Xp, i) (see also property NE, Section 2.2). Then,
recalling (5.2.5), we can apply Lebesgue’s Dominated Convergence Theorem to the sequence
v (E) and obtain, for every E € R,

lim (0 (E)) = lim | o (E)da(P) = / V(E)dj(P®) = v(E), (5.3.2)

L—oo L—oo XD X

since /l(X p) = 1. This holds for any self adjoint boundary conditions on the cube Ap, in
particular, for Neumann and Dirichlet boundary conditions. Next, we establish the Neumann—
Dirichlet bracketing for v.

5.3.1 Neumann—Dirichlet bracketing

Denote by HDw]f\VZL (resp. HD“"EZ ,) the restriction of Hpw to a cube A, with Neumann
(resp. Dirichlet) boundary conditions, and by Di\’[ 1 (E) (resp. D£ 1 (E)) its associated normalized
eigenvalue counting function. If z = 0 we omit it from the subscript.

For a fixed L € N, take K € LN\ {1} and consider the Fglner sequence {Ag x}rern of
concentric cubes centered in 0, such that

Aox = | AL(), (5.3.3)
JjET
for some index set J C Z¢, with |J| = (K/L)?. By the subadditivity of tr PE(HDw]f\VO o) we
have ’

1
SNy N N
vk (E) = |A0K|trPE(HD”|Ao,K) < Ao E tr Pe(Hpe|y, ) (5.3.4)
3 3 ]EJ
|Aj L| N
: E tr Pg(Hpw |}y 5.3.5
‘AO,K’jeJ‘ il s (Hp |AJ’L) ( )

Y 102)) (5.3.6)

Taking the integral with respect to the measure i, and recalling that this measure is invariant
with respect to translations in R%, in particular, translations in Z%, we obtain

AR (E) < = 3 3 (7, (B)) (5.3.7)
7%

< S (e (E) (5.3.8)
|‘7| JjeJ

< i (B)). (5.3.9)
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Chapter 5. The IDS for Delone—Anderson operators

Taking the limit as K — oo and keeping L fixed, we see that

v(E) < (i} (E)). (5.3.10)

In an analogous way, using the superadditivity of tr Pr(H pw ]fo ) We can prove

IR (E) > o (70 (B)) - (5.3.11)
Taking the limit when K — oo and keeping L fixed, gives

v(E) > i (70 (E)) . (5.3.12)
By (5.3.10) and (5.3.12),
[ Ea, GPE) du(P) < v(E) < [ Ba, (7(B)) du(P). (5:313)
Xp Xp

5.3.2 Proof of Theorem 5.3.1

Proof of Theorem 5.3.1. We obtain separately upper and lower bounds for v(F) in (5.3.13), using
an arbitrary P“ € Xp, following the arguments for the ergodic case. We will show that these
bounds are uniform in Xp, that is, they depend only on the parameters r and R which are

A~

common for all elements in Xp.
i. Upper bound for Eq, (77 (E)).
We proceed as in [K07], [KMe07]:

~ 1
1
= MPP (E1(Hpe|},) < E) - tr Pp(Hol}, ), (5.3.15)

where Fj (HOWL) denotes the ground state energy of HOWL. By Weyl asymptotics, there exist

constants C > 0 and Cgg = CE%? such that the trace in the r.h.s. of the last equation is
bounded by Cg 4 |Az|, therefore

Eo, (71 (E)) < CpaPp (E1(Hps|Y ) < E). (5.3.16)

To estimate the r.h.s., we will use (see, e.g. [RSIV] ):

Lemma 5.3.2 (Temple’s inequality). Let H be a lower semi-bounded self-adjoint operator with
discrete spectrum and denote by Ey(H) < E9(H), ... its (increasing) eigenvalues, counting mul-
tiplicities. If a < E9(H) and «p € D(H) with ||¢||2 satisfying (¢, HY) < a, then

<¢5H2¢> — <¢5H11Z)>2
a— <¢5H11Z)> .

Ei(H) > (¢, HyY) — (5.3.17)
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Consider ¢y = |AL|™ /2 the ground state of AN Note that Fq(— A%L) = 0, the second
eigenvalue EQ(ANL) =cL™ > for some ¢ > 0, and Eo(— ANL) < Eg(pr]AL). Define the random
variables @, = min{wy, 37z}, for p € PN Az, and denote the corresponding Hamiltonian by

FIP,w,L,N = —A%L + VPJJ7L, where we write VPJJ7L = VPJJ|AL. Note that Flp7w7L7N1,Z)0 = VPJJ7L¢0
and, by the min-max principle, El(flp,w,L,N) < E1(Hpw WL)

Since supp u(x — p) are disjoint, we have

(Y0, Vps o) < and (¢, Vs o) < (Y0, Vpa ,Y0)- (5.3.18)

3L2 ’ 3L2

We now apply Temple’s inequality to I:IP7W7L7N, taking ¢y and a = EQ(—A%L) = ¢L ™2, which
gives

(0, Vs o) — ({to, Vps 1¥0))

E\(Hp,, > (Yo, Hp,, - 3.1
1(Hpw,r,N) = (Yo, Hpw,L,nV0) L2 — (%o, Vpa 1%0) (5.3.19)
(Y0, Vps r40)(c/3) L2

> Ve — ’ 5.3.20
> (vo, P ,L,l/}0> (C—C/3)L_2 ( )
> {00 Ves.t) = 571 3 / Gyl — p)da (5:321)

pGPﬂAL
Wp, 5.3.22
| L| Z p ( )

peEPNAL
where Cy g = u"e¢l/2 (see (4.1.2)). Therefore,
1
Eop (71 (E)) < CpaPp | —— Z &y < CuaE | . (5.3.23)
ALl
peEALNP

To estimate the r.h.s., we adapt [KMe07, Lemma 3.4] to Delone potentials in the following
Lemma 5.3.3. For L = LﬁE*I/ﬂ with 6 > 0 small and L large enough,

Pp > @y < Cuab | < e (5.3.24)

| L|p€A NP

for some constant C1 = Cgyar > 0 depending only on 3,u, R and d, and therefore this bound
18 uniform for all P¥ € Xp.

With this in hand, we can prove

Eo, (5} (E)) < Cgge (5.3.25)
= CpgeC11PET) (5.3.26)
< Cpqe GE?, (5.3.27)
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Taking the integral with respect to the measure p over Xp and recalling the last bound is uniform
for all P¥ € Xp we get

W(E) < e (B) = [ Ba (7 (D)) du (5.3.28)
D

< | CpaeGF " qu=CpaeE?, (5.3.29)
Xp

where we used u(Xp) =1, and so, we obtain the upper bound

V(E) < CeGE™ for B e 0,1]. (5.3.30)

ii. Lower bound for Eq, (77 (F)).

1

Eq, (77 (E)) = MEQP (tr Pp(Hpoly,) (5.3.31)
1
> mpp (tr Pp(Hpo|y, >1) (5.3.32)
L
1
> M]P’p (By\(Hpo|,) < E). (5.3.33)
In order to minimize the r.h.s., we will take the ground state of —AXL, Yo = ]AL\_l/Q

multiplied by some smooth function which is zero in the boundary of Ay, so it satisfies Dirichlet
boundary conditions, and therefore, is in the domain of the Dirichlet Laplacian. Consider a
function f € C§°(A,) such that f =1 on suppu, 0 < f <1 on A, \ suppu and |Af| < ¢, for
some ¢o > 0. Set fr(z) = f(x/L) and denote by ¢, = ¢o(z) - fr(x) € D(Hpe|{ ). Then

Ey(Hpo|y,) < (b, Hpo|R, ¥r) = (Y, —AIR, ¥1L) + (YL, Ve 1) (5.3.34)
Co Cu,d
S RRTY > w, (5.3.35)
peEPNAL

where ¢, g = ut0? (see (4.1.2)). Choosing L = [/2coE~Y/2], we have

1
Eq, (7} (E)) = =—Pr CX’d Y oy <E—cL? (5.3.36)
Azl ALl e
L
1 1 E
> —Pp | Y wp<o— (5.3.37)
A ALl S p 2¢u,d
1 T’d [ALNP|
>~ P E 5.3.38
> P (0 < 5e,%) (5:3.35)
1
> M]P’p (wo < ChyqE)Craliel, (5.3.39)
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where, in the last two inequalities we took into account that |ALNP| < Cy 4|AL|, with Cy g = =9,
since P € P,(R%). Recalling (5.3.1) and the choice of L, we obtain
- 1 d
Eqo, (77 (E)) > ECM(CCW,ME)&CML (5.3.40)
> CeoraBY 26 Ceoonralf ™" ?lloa Bl (5.3.41)

for F small enough.

Since the last bound is uniform for all P* € X, we can take the integral with respect to the
measure 4 as in the case of the upper bound, and get

V(E) 2 Cp,paBY e Coral™llog Bl (5.3.42)

which concludes the proof of the lower bound for the IDS, proving Lifshitz tails for energies E
near 0. O

Proof of Lemma 5.3.8 . We follow the proof of [K07, Lemma 6.4]

1 1
Pr | > @, <CuE | <Pp o > @y <Cuaf’L? (5.3.43)
[Ar] YEALNP Azl yeEALNP
662Cy, aR?
< Pp <’{’YEALQP: @7<%L_2}’Z<1—Bf’d> ’PQAL‘>
(5.3.44)
(5.3.45)
This, because &, < 575, [y € AL N P| < % and so, with 3 small enough,
662C,, 4 R?
‘{7 eArnNP: @, < 2172}‘ < <1 — ﬁ%) |PNAL (5.3.46)
implies
662C,, 4 R?
‘{veALﬁP: ®7>6—Z2}‘ zﬁf’dmmm, (5.3.47)
in which case,
1 i 1 ¢ 632C,qR? 272
—— > @y> — T |PNAL| = Cuaf’L72, (5.3.48)
|AL| yeEALNP |AL| 6L

where we used the fact that [P N Ay| > [Az| /R? and choose 8 small such that 632C, 4R%/c < 1.
Now fix some § > 0 small and set ¢ := Pp(@, < 6) < 1 and define new random variables £, as
& =1if o, <4, & = 0 otherwise. The random variables {{,} are i.i.d. and Eq,(&,) = ¢.

. 662C,, 4 R¢
Define p =1 — —

for L big enough,

. By taking 8 small enough we can ensure that ¢ < p < 1. Then,
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Chapter 5. The IDS for Delone—Anderson operators

2
Pp (‘{7 €EALNP: &< gL*Q}

2p|PﬂAL|) <Pp({yeALNP 0, <3} >plPAAL

(5.3.49)
1
N NN
|P M AL| yEALNP
(5.3.50)
(5.3.51)

The last line is a large deviations problem and can be estimated in a standard way, using the
inequality

Pp(X > a) < e "“Eq, (') for all t > 0. (5.3.52)
So we obtain
1
1 > < o—tplALNP| £ &y 3.
Pp AL N P| d. &= <e EQP<6 ! ) (5:3.53)
’yEALﬁP
< A0 T] By, <eta) (5.3.54)
gl
[ALNP|

L) <et§0) . (5.3.55)

< o tPIALNPIHALNP|InEq , (ef0) (5.3.56)

< ¢ |ALNP(tp~InEo, (e'®0)) (5.3.57)

te
Set f(t) :=tp—InEq, (et&)_ Then f/'(t) = p— %, and in particular f/(0) = p—q > 0.
P

Since f(0) = 0, there is a top > 0 such that f(to) > 0. We then have

1

Po | —— > < o~ IALNP|f(t0) 3.
vz Y &=p|<e (5.3.58)
yEALNP
< e Raflo) _ o1t (5.3.59)

where we use the fact that [Ap N P| > é—j for L > R and C = f(tg)/R? is a constant that
depends on 3, u, R, and d.

O

5.4 Example of a Delone operator with no IDS

Consider two periodic potentials Vi and Vi of periods ¢; and ¢o, respectively, with g1 # ¢o,
defined by
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5.4. Ezample of a Delone operator with no IDS

Vi)=Y ul@—7), (5.4.1)
ye(q1Z)?

Va(z) = Z u(z — ), (5.4.2)
v€(geZ)?

where w is a smooth function with suppu C Apingg, g01/2 (that is, in both cases the supports of
u(x —y) are disjoint. Now, consider a sequence of (open) cubes centered in the origin, {Az, }ren,
with Ly = L, o > 1. Define N, = {2k : k € N}, N, = {2k — 1 : k € N}, and consider the
following covering of R,

=JA4A A=K, \AL_,, AL, =0. (5.4.3)
k=1

Let H = Hy 4+ V be a selfadjoint operator acting on L2(Rd), where Hy is lower semi-bounded
and

V=> Vixa, + Y. Vaxa, (5.4.4)
keNe k€N,

Notice that H can also be seen as a Delone operator,

H=Hy+ Y u(z—7), (5.4.5)
yeD

where the Delone set D is defined by (see Fig. 5.1)

D=| U az'na|u| | ez'nA]. (5.4.6)
k€N, keN,

Proposition 5.4.1. Let vy, be the finite-volume integrated density of states (IDS) for the
operator H as in Definition 5.2.3. The limit of vy 1, when k tends to infinity does not ewist.

Proof. Without loss of generality, fix kK € N.. We write H; = Hop+V; and Hy = Hy+ V5, for which
v,,r, and vp, 1, denote the respective finite-volume IDS restricted to a cube of side Lj. For a
fixed E € R, consider the interval (—oo, E]. Since we deal with lower semi-bounded operators,
X(=o0,5)(H) = x1(H), where I = (Ep, F) C R is bounded. Consider a function f € C.(R) such
that I C supp f. We have

tr f(H)xa, =t f(H) (e + ) (54.7)
= tr f(H)xa, £tr f(H1)xa,, |+t f(H)xa,, | (5.4.8)

— tr (f )xay, + f(H1)XAL, 1) + tr <f(H)XAL,€_1 - f(Hl)XALk_I) (5.4.9)

= tr (F(H)xa, = F(Haxa) + 00 (F(Ha)xa, + F(HDXA,, ) (54.10)

+g(H, Hl,ALk_l), (5411)

(5.4.12)
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Figure 5.1: The Delone set D.

where H 4, denotes the restriction of H to the set Ay, and

g(H, Hy A, ) i=tr (f(H)Xap, | = F(HD)XAy, ) - (5.4.13)

By the definition of V, for k even, we have H, = Hi|a,, therefore

tr f(H)xa,, = tr (F(H) ~ F(Ha)) xa, +te (F(Eh]a)xa, + F(HDxa,, ) (5.4.14)
+g(H7 HlaALk_l)

(5.4.15)

= g(H, Hay, Ag) +tr (f(Hila,)xa, — f(Hi)xa,) +tr (f(Hl)XAk + f(Hl)XALkﬂ)

(5.4.16)
+g(Ha HlaAkal)

(5.4.17)

= trf(Hl)XALk —i—g(H, H17ALI<:—1) +9(H7 HAk7Ak) +g(H1‘Ak7H17Ak)7 (5-4-18)

(5.4.19)

where g(H, Ha,, A;) and g(Hi|a,, H1, Ax) are defined analogously as (5.4.13). Then

1
tr f(H)xa., = T f(H)xa,, + 01+ 02+ O3
k

= / fN)dnp, 1, + 01+ Oz + Os, (5.4.20)
R

(5.4.21)

’ALk‘

where ng, , denotes the finite-volume density of states measure associated to the operator H
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5.4. Ezample of a Delone operator with no IDS

and
1
O = ——9(H, H1,Ar,_,), (5.4.22)
|ALk|
1
02 = —g(H7 HAka Ak)a (5423)
’ALk’
1
O3 = T——9(Hi|ay, Hi, Ay). (5.4.24)
’ALk’

(5.4.25)

We will show that the terms Op, Oy and O3 tend to 0 as k — oo in N,. By the same arguments
that prove Proposition 5.2.7, namely (5.2.72) , the terms Oy and O3 converge to 0, while for O
we have

‘ALk—l‘ 1 1
O = |ALk|tr (f(HIALk,l) - f(HllAL,H)> XAp, , + m(o1 + 03), (5.4.26)
where
1 1
01:7 HH A y 01:7 H ,H,A ) 5427
1 ‘ALk_l ‘ g( y AL, o Lk71) 2 ‘ALk_l‘g( 1|ALk71 1 Lk—l) ( )

Again, by (5.2.72), terms O} and OJ tend to 0 as k — oo. By Weyl’s inequality, and since
XAr,_, is bounded, we have

tr f(H|ap, IXap, | < Cpdl|AL,_,|, and tr f(Hulag,  Ixap, | < Cpa|AL,_,| (5.4.28)

therefore, @07 tends to 0 as k — oo.

Then, we have from (5.4.20) that if k£ € N,

lim VH,Lk(E) = VHl(E) (5429)

k—o0

in an analogous way one proves that if k € N,

khm VH,Lk(E) = I/H2(E) (5430)
— 00
Since ¢1 # ¢2, vu,1,,(E) does not have a limit when k& — oo. O

Proposition 5.4.2. The Delone set D defined in (5.4.6) does not have the uniform pattern
frequency property (5.1.19). Therefore, the Delone dynamical system Xp is not uniquely ergodic.

Proof. Without loss of generality, assume qi,¢> > 1 and consider the covering of R? defined in
(5.4.3), the sequence Az, and fix k € N,. Take the pattern @ = {(0,0,...)} with support By 5(0)
consisting in only one point, the origin in R?. Since D consists of translations of Q such that
the translations of its support are disjoint, we have that the number of Bg,(0)-patterns in Ay,
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that are translations of @) by an element of Az, is given by
ﬁ{QCD cdye A, st y—}—Q:Q} :ﬁ{QCD s dye Ay UAL, , s. t. y+Q:Q}

(5.4.31)

—t{QcD el s ty+Q@=Q}+ (5432

ﬁ{@ cD:3yehn, , s ty+Q=Q (5433)

= t{Ax N Z% +#{Ar, , NZY (5.4.34)

= qfd |Ak| + ‘Aqu‘ (5.4.35)

Then, we have, by the definition of the local pattern frequency of @ (5.1.19),

no,L, (@) 1 —d
m(Q) = R = e (A + [ Ar ) (5.4.36)
Analogously, if we proceed in the same way for k& € N,, we obtain
e 770,Lk (Q) _ 1 —d

Recalling that Ay, = A, \ A, , and Ly = L§ with 0 < o < 1, we see that by taking a
subsequence of (7:(Q)) with k € N, (7:(Q)) converges to ¢y ¢, while taking the sequence with
k € N,, it converges to qu.

By [MR12, Proposition 2.32] (see also [LS03, Theorem 1.7]|, [LeMoS002, Theorem 2.7| which
apply to our setting) the fact that D does not have the uniform patter frequency property implies
that Xp is not uniquely ergodic. O
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A.1 Quantitative unique continuation principle in arbitrary di-
mension

In this section we recall a quantitative unique continuation principle for eigenfunctions of a
bounded perturbation of the Laplacian in arbitrary dimension, proved in [RMV12].

Let A7, € R? be a cube of sidelength L centered in an arbitrary point of R? (the following
results are uniform with respect to the center of the box). Let Hy = —A + V; on L?(RY), where
Vo is a bounded potential and denote by Hg 1, Vo1 their respective restrictions to Ar, with
Dirichlet boundary conditions and domain D(Ho 1) = HZ(AL). We restate [RMV12, Theorem
2.1] for the particular case of eigenfunctions of Hy 1, on a (k, K)-Delone set.

Theorem A.1.1. Let I C R be a compact interval and 1) an eigenfunction of Hy 1, associated to
the eigenvalue E € I, that is,

Hiy = (—AL+%7L—E)¢:O on Ar,. (All)

Fiz K € (0,00),0 € (0,K/4]. There ezxists a constant Cspuca = Csruc.a(d, Kvy, g, K,6) > 0
such that, for any L € KN, any sequence

{Zj}jesz in R such that B(z;,0) C Ak (j), forallje K74 (A.1.2)
we have
S 1613, 2 CopucallVl, (A13)
jeAr
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where Ky, g = |[Volleo +supI and A, = Ap, N KZ4. The dependence on K in the constant
Csfruc,a is given explicitly by
Csfuca = oy KoK e, (A.1.4)
for some constants c1, ca, c3 depending on d, d, Ky, .
Remark A.1.2.

i. In our applications, the set {2;},;cxza corresponds to a (k, K)-Delone set. We often write
D := {Zj}jeKZd-

ii. Since we are interested in a lower bound for (A.1.3), a given Delone set can always be
reduced, by removing points, to a (k, K)-Delone set satisfying (A.1.2).

Before proceeding with the proof of Theorem A.1.1, we recall [RMV12, Theorem 3.1] (see
also [GK11, Corollary A.2])

Theorem A.1.3. Let Ky,Do, R, € [0,00),6 € (0,1]. There exists a constant Cyyc =
Cquc(d,Ky,Do, R,0,3) > 0 such that, for any G C R? open, any © € G, any © C G mea-
surable, satisfying the geometric conditions

diam© < R :=dist(z,0), Dy < 12R, and B(z,12R+2Dy) C G,
and any measurable V: G — [—Ky, Ky| and real-valued 1 € W?2(G) satisfying the differential
inequality

0l _ AL5)

|AY| < |V a.e. on € G as well as <
IKEl

we have
||7;Z)H2B(x,5) > Cauc|l¥ll3 (A.1.6)

Corollary A.1.4. Let Ky, R, 3 € [0,00),6 € (0,1]. Let G C R? open, x € G, © C G measurable,
satisfy the geometric conditions

Re W,zwm] , diam© < R := dist(z,0) and B(z,14R) C G, (A.L7)
and V: G — [~ Ky, Ky| measurable, 1 € W*2(G) real-valued, satisfy
2
|AY| < [V a.e. on € G and HZHG <p (A.1.8)
S

Then there exists a constant C = C(d) € (1,00) depending only on the dimension, such that

z (A.1.9)

Remark A.1.5. More precisely, we have the following lower bound (see [RMV12, Remark 3.3-(b)])

) ) 5\ CHCKY +mp
110,85 = Cavcllvlle where Coro = | 5

R2 \ 48R
where C¢ 4., involves constants that come from the Carleman estimate [BoK05, GK11, RMV12]
depending only on the dimension d and Ky, g. By choosing Dy = R in Theorem A.1.3, the ex-

AR I
Cucp(d,Kvy,g, R,6,7) > Coavy,E ( > , (A.1.10)

ponent « can be taken as
a = max{Cy, (C,K}, p)**RY3 In(Ce(1+ K3, 5) )}, (A.1.11)

where C,, Cp, C. are constants coming from the Carleman estimate.
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Without loss of generality, in the following we assume Dy = R > 1.

Proof of Theorem A.1.1. The proof of [RMV12, Theorem] is stated for the case where the se-
quence {z;};cgzd follows the configuration of a (k, K')-Delone set with K =1 (see (A.1.2)). In
order to see how the constant Cssyc depends on the parameter K of the Delone set, in the
following we reproduce the proof from [RMV12], in the case of eigenfunctions, writing explicitly
the constant K, and without loss of generality, we assume K > 1.

A.1.1 Extension of the eigenfunction equation

We want to apply the quantitative unique continuation principle which requires among its geo-
metric conditions a certain security distance to the boundary of the set where the eigenfunction
equation is satisfied. This is not true for the solution 1 defined on the original cube Ay, therefore
we will extend it to a larger set in such a way that the extension ¢ still satisfies an eigenfunction
equation.

We restrict ourselves to Dirichlet boundary conditions on OAy, (for periodic b.c. see RMV12]).
We make use of the same construction as in Corollary A.2 in [GK11].

The idea is to extend the potential V' by symmetric reflections w.r.t. to hypersurfaces forming
the boundaries of the cube Ay, and afterwards extend the function v by antisymmetric reflections
w.r.t. to hypersurfaces forming the boundaries of the cube Ay. Let us describe this more precisely.

For convenience we shift the coordinate system such that

L L
AL:{xeRd|—§gxig§forauz':1,...,d} (A.1.12)
—{yeR¥0<y; <Lforalli=1,...,d} (A.1.13)

and extend the function ¥ : A, — R to the set

Rp={yeR¢|-L<yy <L, 0<y; <Lforalli=2 ... d} (A.1.14)
by setting
Q,Z)(yl,yi)a for RS ALa
w(ylayJ_) = Oa for RS RLayl = 0’

—(—y1,y1), fory € Rp,y1 <0

where y; = (yo, e ,9q)- It is well known that the Laplacian of this extension is still in L?(Ry),
an consequently 1) is in the domain of the Dirichlet Laplacian on Ry, cf. e.g. [A] or [GT]. If we
define V : Ry, — R by

V(th/J_)a fOI‘ Yy S AL7
V(y1,y1) =10, fory € Rp,y1 =0,
V(—=y1,91), fory € R, y1 <0

then V still takes values in [~ K, K] only, and the relation
Hip=0 (A.1.15)
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holds almost everywhere on Ry. Now we successively extend both V and 1) in the remaining
d — 1 directions and obtain functions defined on

{yeRY| —-L<y;<Lforalli=1,....,d,}

i.e. on a cube twice the side of the original one. Finally we extend these two functions periodically
w.r.t. the lattice (2L7Z)% to functions defined on R? which satisfy (A.1.15) a.e. on R%. Moreover
1 is in W22 locally.

Note that if we restrict the extension v to a cube of side 2kL with k& € N we obtain an
L?-eigenfunction of a box Schrédinger operator with Dirichlet b.c.

A.1.2 Dominating and weak boxes

Without loss of generality, we assume K € N and L € KN. Up to boundaries (sets of measure
zero) Ay, can be decomposed into closed K-boxes

A= Ax()
keA
where A := K74 N [-L/2,L/2)".
Remark A.1.6. If the Delone parameter K ¢ N or L ¢ KN, we take slightly larger boxes of side

K’ and L. In the way we extend the eigenfunction 1 from Ay, to the whole space R?, this does
not affect our results.

Fix T = 60K [\/E], where [x] stands for the least integer greater or equal than x. We say
that the site j € A is dominating, if

- 1 _
2> 2 A.1.16
‘AMﬂW|_2@ﬂdAﬂﬁW| (A.1.16)

and call Ak(j) a dominant box. Otherwise, we say the site j is weak, and call Ak (j) a weak
box. Notice that by the antisymmetry of ¥ we have

~12 ~12
/ M g2d/ 1/)‘ , (A.1.17)
Ar(j) Ar(F)NAL
so that L ) r
Z/ (w‘ < (27) / 1/;‘ . (A.1.18)
jehy Ar(5) AL
Then
- 1 -
> WP<sgm X [ P (AL19)
weal sites” A% () weak sites” ()
1 / 72 _ 1 )
<L o< [ 1P (A.1.20)
2(27)1 g\:L Ar(j) 2/

Thus the weak boxes contribute at most half of the total mass to the L? norm. Then,

. -
2 > /AK(j) ] >/AL(O) 917 (A.1.21)

dominant sites
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This means that it is sufficient to establish adequate unique continuation estimates for dominant
boxes.

A.1.3 A unique continuation principle for dominant boxes and near-neighbor
sites

Without loss of generality, assume that L > 5K[v/d]. Fix a dominant box A (j) and define the
belt of near-neighbors of Ax(j) as

A(j) = A2K]'\/E]+3K( I\ Agpe f]+K( ) (A.1.22)

Note that under our assumption on L, A(j) # (). Indeed, this belt consists of ¢4 := (2K [\/_ 1+
3K)? — (2K [v/d] + K)? boxes of side K centered around points j, € Ay, where n = 1,..., ¢q.
Note that for every z € A(j),

dist(z, A (j)) > KVd = diam Ag(j). (A.1.23)

We define the “right near-neighbor box” as the unique box Ax (jo) C A(j) such that

jo=j+ (K[Vd] +2K)e (A.1.24)
Ak (jo) = A (4) + (K[Vd] +2K) ey (A.1.25)

where e; = (1,0,0,...) € R% That is, Ax(jo) is a translation of Ax(j) in the positive direction
along the first coordinate. By assumption, there exists a unique point of the Delone set D =
{2j}jerza contained in Ak (jo) that we denote by z;,. Moreover, B(zj,,6) C Ak(jo) and, since
zj, € A(J), we have dist(zj,, Ax(j)) > diam Ag(j) (see Fig A.1).

Note that both B(zj,,d) and A (j) are contained in the box Az (j). Next, we apply Corollary
A.1.4 to ¢ in the dominant box and the ball B(zj,,0) contained in its right near-neighbor.

Conditions (A.1.7) are satisfied taking
G=Ar(j), ©=Ax()) (A.1.26)
and B(zj,,0). Then, we have
R := dist(z;,,©) € [K[Vd],2K[Vd]]. (A.1.27)
Here, we can take 3 = 2(27)¢, since by the definition, for every dominant site j we have

kuw

)¢ =: 3. A.1.28
R, = T = (A129

Then, by Corollary A.1.4, there exists a constant Cyyc = Cquc(d, Kvy, g, R, 9, 3) such that for
every dominant site j,

HT/JHB(ZJO, CavcllPlli . ) (A.1.29)

Adding up all the dominant boxes, we obtain
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O o . 00
o -~ %o

Figure A.1: The box Ak (j) in d = 2: its near-neighbor belt A(j) contains the right near-neighbor
with the unique Delone point zj,. The quantitative unique continuation principle from Corollary
A 1.4 relates the mass of ¢ on the grey areas.

Y. Wlbe,e = Cwe Y. 1WA = —5 1WA, (A.1.30)

dominant sites dominant sites

Note that in the Lh.s. of (A.1.30) there can be repeated terms ||1/)H2B(Zj 5) because of the
0’

antisymmetric way of extending 1 to ¢ and the definition of "right near-neighbor". To see this,
consider the extreme case where all boxes {Ax(j)},cz, are dominant. For a box A (j) that is
in the boundary of Az, its right near-neighbor box, say Ax(jo) C R?\ Az, is a mirror image of
some box Ak (j() C Ar. This box, in turn, is the right near-neighbor of some other box in A,
(see Fig. A.2).

Then, the sum in the Lh.s. of (A.1.30) contains both terms ||1ﬁ||2B(Z] 5) and ||1ﬁ||2B(Z 5)» Where
0 j(’)v
zjo € DN Ak(jo) C DN AL, zj € DN Ak (jy) C R\ Az, and

”1;”23( 8 = ”I;HZB(zj(,),(S)' (A.1.31)

ZjO’

Therefore, the sum in the Lh.s. of (A.1.30) contains at most 2 copies of each term H1/~1H2B(Z 5)’
z € DN Ay, that is,

> ”1;|’2B(zj0,5)§2 Do WlBesn =2 D 1¢lBes: (A.1.32)

dominant sites z€DNA, z€DNA

114



A.1. Quantitative unique continuation principle in arbitrary dimension

Ap oA, R*\ Ag

Jo J Jo

o AR EEEE o
[ G|

B(z.9) B(zy.6)

Figure A.2: A box near the boundary of Ay. In grey: its right near-neighbor and the corre-
sponding mirror image in Ay.

This yields,

Cquc
> Wl = 91, - (A.1.33)
z€DNAp,

The explicit dependence on K is given by Corollary A.1.4 and Remark A.1.5. This can
also be seen directly in [GK11, Theorem A.1], where the dependence on R is written explicitly,
which, for R as in (A.1.27), gives the desired result. Moreover, note that, by construction of
A(j), R := dist(z;, Ak (§)) € [K[Vd], K([V/d])?], then, from (A.1.10) we get that

o -0 54 < 1)
ver 2 Codvon o Va2 \18K[vd

2a
P) =: Cycp(K), (A.1.34)
where

a = max{Cy, (CoK3, p[Vd*)** K*3, In(C.(1 + K}, 5) V2(40[Vd])¥? K¥?)}.  (A.1.35)

Note that we can bound
a < K3 4es = o, (A.1.36)

for some constants ¢, c3 depending on the constants in A.1.35. Note moreover, that

(mﬁ . (mf (A.1.37)

Then, from (A.1.34) we see that there exists a constant ¢y depending on constants coming from
the Carleman estimate, d,d and Vj, E/ such that

Cuop(K) = e K—e2K* s, (A.1.38)

O

115



Appendiz A.

A.2 Quantitative unique continuation principle for dimension 1

Let Ir(z) =[x — L/2,x + L/2] C R be the interval of length L centered in z € R, and consider
the operator Hy = —A + Vj restricted to I (x) with Dirichlet boundary conditions, denoted
by Ho . We recall a quantitative unique continuation principle obtained by [V96, KV02a] for
eigenfunctions of Hy 1. The advantage of their proof is that it does not rely on the periodicity of
the underlying configuration of supports, so it can be extended to a Delone-type configuration
(for an extension to metric graphs, see [HV07, GHVO08|). In order to know how the constant
depends on the parameter R of a (r, R)-Delone set, in the spirit of Theorem A.1.1, we follow the
proof of [KV02a, Lemma 5|, writing explicitly the constants involved. In this way, we obtain an
explicit lower bound for the concentration of an eigenfunction on small balls supported in points
of a (r, R)-Delone set.

Theorem A.2.1. Let I C R be a bounded interval and let i be an eigenfunction of the operator
Ho 1 = —Ap + Vo1 with eigenvalue E € T on I*(If(x)), that is, —" + Vo 130 = Ep. Fiz s >0,
and decompose the interval I1,(x) into % intervals of length R, Ir(k) for k € Ty 1.r for some set
Jz,L,r- There ezists a constant C’lljcp such that

/ W2 > Chop / 2 (A2.1)
As (k)

Ar(k)
where the constant CIIJCP is uniform on L € N and 7y, is an arbitrary point in Ir(k). Moreover,
if we define
V(z) = Z u(r — i), (A.2.2)

k€Jz,L,R

for a normalized eigenfunction of Ho 1, where u > u_xy, (). we have

(V,90) > u_ - Clop (A.2.3)
The explicit form of the constant is
Clop = Se st h2t

Before proving this Lemma, we restate an intermediate result from [KV02a, Lemma 5], writing
explicitly the constants involved.

Lemma A.2.2. Fiz s >0, s < R < L. For 1 the eigenfunction above, and any k € I (x) such
that Ir(k) C I (x), there exists a constant Cs v g such that

12, gorg) < €SP0 R o (A.25)
for any y € Ir_4(0), where
4-18?
Csvo.E = S+ 45%(|Vy — E||oo- (A.2.6)

Proof. We follow the same proof as in [KV02a]. Define, for k € I (z)
o) = [ 0P fory € In(0) (A.27)
Is(k+y)
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then
10y W) < 2019111, (k) 19 11, 1+ - (A.2.8)
By standard Sobolev estimates (see the proof of [GT, Theorem 7.25|)

/ 2-18? " 2
1 gy < == 11+ 28719l 1, (- (A.2.9)
By the eigenfunction equation,
) 2-18? 5
I Hfs(k+y) < T2 +257||[Vo — El|o Hw”ls(ker)a (A.2.10)
S0
4-18? 5
10,6(y)| < &2 +45*||Vo — El|o H¢||Is(k+y)- (A.2.11)
That is,
10y0(y)| < Csv.ed(y), (A.2.12)
where )
4-18
Covopi=—5—+ 452 ||Vo — E|oo- (A.2.13)

Then, by Gronwall’s Lemma, [0,¢(y)| < eCsv.elul(0), that is,

117, 5y < €SB B11T, - (A.2.14)
O

Proof of Theorem A.2.1. Now, decompose I, (z) into }% intervals of side R, Ir(k) for k € J,. 1 R
Furthermore, decompose each interval Ir(k) into % smaller intervals of length s, I;(k +y;) with
Yj € Ji,Rr,s- Notice that |y;| < R for all j.

By Lemma A.2.2 applied to the centers k € J, 1 r we have

191 ey = Do 18I7, ey

Y €Tk,R,s

= Z eCs,v,Elyj\WHi(k)

Yi€ETk,R,s

R
< = OvER g2 . (A.2.15)

where we used the fact that |y g s| < £.

Now, since Lemma A.2.2 is true for intervals centered in any point of I1,(x) and y € Ir_4(0),
in particular for an arbitrary point vy € Ip_s(k),

1917,y = 1117, ) < €SV H I (o

< eCovE g7 (A.2.16)

(7&)?
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where we used that |y, — k| < R. Inserting this in A.2.15 gives

R
”W‘?R(k) < 5 e2Cs ot ”WGS(%)- (A.2.17)
Therefore
R
Wl = S Wil < mevoe? STl (A219
kEJx,L,R kEJx,L,R

For a potential V' defined by (A.2.2), this implies

V) 2us S WIB o = us Chop 412, ), (A.2.19)

Y €Tz, L,R

where C’lljc p denotes

Clop = %e—ZCSvVvER. (A.2.20)

A.3 Perturbation of the ground state energy for finite-volume
operators and its consequences

We restate [RMV12, Theorem 4.9-(a)], for a Delone potential with an underlying (r, R)-Delone
set.

Theorem A.3.1. Let V: R? — R be bounded and measurable, t € (0,1], 6 € (0, R/4], {2k }perza C
R? @ sequence such that

VkeRZY: B(z,d) C Ar(k)

Let x denote the characteristic function of J,cpza B(2k,0) and W > C_ - x a bounded potential
with C_ > 0. For L € N and z € R?, denote by A\, 1,(t) = inf o(H; 4.1) the bottom of the spectrum
of He o1, ' = —A+ Vo +tW on Ap(z) with periodic or Dirichlet boundary conditions. Then

Vite (O, 1] : )\%L(t) > )\357[,(0) +Kr-t

where k := C_-Cyspyc and Cypyc is the constant from the scale-free unique continuation principle.

Here, Csryc is given in Theorem A.1.1.

Remark A.3.2. i. In our applications, W is the Delone potential associated to a (r, R)-Delone
set D, D = {z,}1cpza. Therefore, the previous result states that a Delone-type pertur-
bation of an operator Ho = —Ar + Vo, where V4 is bounded, produces a gap in the
spectral infimum of size proportional to constant in the quantitative unique continuation
principle from Theorem A.1.1.

ii. In dimension d = 1 we can use Theorem A.2.1 to obtain the same result, but with C,ryc g
replaced by the constant Clp defined in (A.2.4).
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A.4. The Brownian bridge

Proof. The normalized ground state v(t) of Hy . satisfies

NT(t) = inf o (Hyp0) = ($(t), Hy ¥ (t)) (A.3.1)

Note that the family of potentials Vy + tW, ¢t € [0,1] is uniformly bounded. Thus the set
{A\L=(t) : t € [0,1], L € N} is contained in a compact interval [ C R. We will apply the scale-free
unique continuation principle to this family of potentials. Note that the parameter K which
enters the constant Cy ¢ is bounded uniformly by the finite number sup{||Vo +tW — E||; E €
I, t €[0,1]}. It follows

AT (E) = (1), He,p 20 (t)) = ((F), Ho 1,20 (8)) + (0 (t), Wib(¢)) (A.3.2)
> (Y(t), Ho,Latb(t)) + C- - Cspuct (A.3.3)
> A2(0) + tw (A.3.4)

where in the last line we used the min-max principle on the operator Hy s, . In particular, for
t=1,
A1) > AT (0) 4 k. (A.3.5)

O

Recall that we denote by Py 1,(I) the spectral projector of Hy j, associated to the interval I.
Next, we recall [RMV12, Corollary 4.10]:

Corollary A.3.3. Let the hypotheses and notation of Theorem A.3.1 hold and assume that
Dirichlet boundary conditions are imposed. In this case, we know that for any x € R? and L € N

MET(0) > B = info(—A + Vp).

Then
Vie (0,1]: MNZ(t)> Epn+ -t

Fiz g € (0,1) and set I = (—00, Fyin + qk]. Then the following uncertainty principle holds
Po. ., ()W Py, 1,(I)geq(1 — q)xPo, 1.(1)
By taking ¢ = 1/2, we have that
Py, (I)V Py = gPO,L- (A.3.6)
This estimate is relevant for the proof of an optimal Wegner estimate, where the Wegner constant

Qw = (k/2)72Q, for some constant ) depending on the parameters of the model, as can be seen
in (3.2.24) (see e.g. [CHKO7]).

A.4 The Brownian bridge

In order to make Chapter 5 self-contained, we recall of the definition of Brownian bridge and the
Feynman-Kac-Ito formula used in the proof of Lemma 5.2.2. We recall results from [BrLMO04,
Section 1.2].
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Let t > 0 be fixed. The Brownian bridge b(s) associated to the pair (z,7) € R x R? and
the time interval [0, ] is a stochastic process with values in R? starting in z € R% and ending in
y € R9. That is, the vector b(s) = (by(s),ba(s), ..., bg(s)) is such that b(0) = x and b(t) = y. Its
components b;(s) are independent, continuous functions of s € [0, ¢] and are distributed according
to a Gaussian probability measure with mean

s xj+ (yj — wj)% for s € [0, 1], (A41)
and covariance su
(s,u) — min{s,u} — - for (s,u) € [0,t] x [0, ¢]. (A.4.2)

The joint probability measure is denoted by ,ug’f;.

Consider the operator H = (—iV — A)? + V. Under some regularity conditions on A and V
(see [BrLM04, Definition 1.1]), we can define the Euclidian action functional

Si(A,V3b) :i/o db(s)-A(b(s))—i—%/O (V-A(b(s))ds+/0 V(b(s))ds). (A.4.3)

In [BrLMO04, Theorem 1.10] it was proved that e~*# is a well defined operator, given by the
Feynman-Kac-Ito formula,

e o= /d ke(+ y)e(y)dy, (A.4.4)
R
where the continuous integral kernel k;(x,y) is given by
H el —S¢(A,Vpwsb)
k)= / Hay(db)e > AP ), (A.4.5)

The properties of ki(z,y) are listed in [BrLM04, Lemma 1.7]. In particular, we note that
ki(x,y) is Hermitian, that is, ks (z,y) = kf (y, z) for all 2,y € R? and for every 2 € RY, ky(z,-) €
L2(RY).
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